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1 First Order Differential Equations

Lecture 1 - Thursday, January 08

Definition 1.1. [Differential Equation]
A differential equation is an equation for an unknown function involving one or more derivatives

for an unknown function.

Example 1.1. Here is an example:
f(@,y(z),y' () =0

where z is an independent variable, y(x) is a dependent variable, and y'(z) is the first derivative of

the dependent variable.

Example 1.2. Here is a more concrete example:

: dy

yy+sin(y) =%, y=y@), ¥ =

is a differential equation.
We have three types of differential equations’:

1. ODE;
2. PDE;
3. SDE.
Definition 1.2. [ODE (Ordinary Differential Equation)]

A differential equationf with one dependent variable and one independent variable is called a ordinary
differential equation.

Example 1.3.

Yy oytan(z) =0, y=y()

is an ordinary differential equation.

Definition 1.3. [PDE (Partial Differential Equation)]

A differential equationf with one dependent variable and two or more independent variables is called

a partial differential equation.

1n this course, we will be learning only two of them



Example 1.4.
ou  O%u (t.2)
— = — u = u(t,x
ot 0x%’ ’
is a partial differential equation.
Example 1.5.
dy 0%y
a:4~@+ttan(x)20, y =y(t,x)
is a partial differential equation.
Definition 1.4. [SDE (System of Differential Equations)]

A differential equation is a system of differential equations if there are two or more dependent

variables and only one independent variable.

Example 1.6.
% =2 -3z y=y(t)
‘é—f =y+ 22 x = z(t)

is a system of differential equations.

1.1 Linearity and Order of Differential Equations

Definition 1.5. [Order]

The order of a differential equation is the order of the highest derivative in the equation.

Example 1.7. Some examples:
e vy +y*=cos(x) isan ODE of order 2.
o 3" +y® =cos(z) is an ODE of order 4.
e (y)% +sin(y) =e* is an ODE of order 1.

o Uy — 2Uyy =0 is an ODE of order 2.

Definition 1.6. [Linearity]

A differential equation is linear if the dependent variable and its derivatives appear linearly in the
equation. Otherwise, the differential equation is non-linear.



Example 1.8. Some examples:
o sin(z)y” + 2%y = €7, y=y(z) is a 2nd-order linear ODE.

e yy'+x =1 isa lst-order non-linear ODE.

Exercise 1.1. Classify the following DEs:

1. 2% tan(z)y” + 4z (y')? = 0;

[\

. xy’ 4 2ly| + tan(z) = 0;
3.y + 2y + cos(t)y = t2 + 6t + 9;
1", 11

4. y"y" + 2Py’ = sin(x);

5. (y — x)dz + 2zdy = 0.

Answer. 1. 2nd-order non-linear ODE;
2. 1st-order non-linear ODE;
3. 2nd-order linear ODE;
4. 3rd-order non-linear ODE;

5. If y is a dependent variable over z, this is a lst-order linear ODE. Otherwise, this is a lst-order

non-linear ODE.

O
Exercise 1.2. Classify the DEs:
1. e%y' + 3y = 22y;
2. Augy +2Bugy = 0.
Answer. The first one is first-order linear ODE, while the second one is second-order linear PDE. O

1.2 Solution of Differential Equations

Definition 1.7. [Solution)]

A function f is a solution for an ODE if it satisfies the equation.



Note 1.1. Consider
f(sc,y,y/,y",...,y(")) :07 y:y(l')

A function u(x) defined on an interval such as I C R is said to be a solution to the DE if u(z) is

n-time differentiable on I and satisfies the DE. i.e.,
fla u(), o (@), u"(@),...,u™(2)) =0, Vaeel

The interval I is called the interval of the solution.

Example 1.9. Verify that the given functions are a solution to the corresponding DE:
Ly =2y, y=y(z), y(z) =1/16 - z*. We have

1
LHS:Z-Q:B’:RHS

and the interval of the solution is R.

2. y' = —(ay)/In(y), y > 0, y(z) = exp(vV4 — 2?). We have

v / 2 x 2
LHS = ((47x2)1/2) LeVATTR — = pViTT
V4 — 2
- 6\/4712 _xex/47m2

T hevia V4 — a2

and the interval of the solution is (—2,2).

RHS =

3. v —y(x) =0, y(x) = e®. This is easy to verify, and the interval of the solution is R. We can

—% is another solution to the DE.

also verify that y = e

Note 1.2. The interval of the solution needs to satisfy both the solution and the differential equation.

Note 1.3. There can be multiple solutions to a single differential equation.

1.2.1 The General Solution to the Differential Equations

Theorem 1.1.

Informally speaking, a linear n-ordered differential equation “has n solutions” (generalized as a “single”

function, see below).

The general solution to the linear n-ordered DEs is written in the form
y(@)=Cr-y1(x) + Cy - ya2(x) + -+ Cp - yn(x)

where C; are arbitrary constants and y; are solutions.




Definition 1.8. [General Solution)]

A general solution of an ODE is a family of functions which represent all (or nearly all) possible
solutions. Occasionally, special solutions exist outside of the family.

1.3 Initial Value Problems and Boundary Value Problems

Lecture 2 - Friday, January 09

Definition 1.9. [Initial Value Problem)]

Initial value problem: solving differential equations subject to given initial conditions.

Definition 1.10. [Initial Condition]

Initial conditions are values of function and its derivatives at one point of independent variable x.
Note 1.4. We can use initial conditions to find the aribitrary constants in the general solution.

Definition 1.11. [Boundary Condition]

Boundary conditions are the values of the unknown function and/or its derivatives at different

values of independent variable.

Definition 1.12. [Boundary Value Problem]

Solving a differential equation subject to boundary conditions is called boundary value problem.

1.4 Solving First Order Differential Equations

Note 1.5. We refer to ODES as DEs (differential equations).

Note 1.6. A differential equation may not have any solution. Here is an example:

'+ lyl+1=0

The general form of a first order DE is
fl@yy)=0,  y=ylx), yl@o)=1yo

The standard form is i
o+ p(@)y(@) = glx)

where the coefficient for the term % is 1.




1.4.1 Integrating Factor: For First-order Linear Homogenous DEs

We are looking for an unknown function u(x) such that if we multiply both sides of the DE by it, we can
write the left-hand side as

1. Multiply both sides (standard form) by u(x):
dy
pla) o+ pa)p(@)y(z) = uz)g(z).

Comment 1.1. Recall that we want

2 (way()) = plr)g(x).

2. Use the product rule to expand the left-hand side. Recall that product rule is:

W)+ u) L = p(w)g().

3. Comparing with step 1 and 3, we obtain:

WY 4 eplalo(a) = o) + Tyl

4. Integrate both sides:

/id,u:/p(x)dac—&-C

inlil = [ pla)do+C
|U‘ _ eCefP(f)dT
() =Cq NECLS

We may take C7 = 1 since it cancels when multiplying both sides by u.

5. We have found p(z). Now we solve:

10



Input : First-order linear ODE ¢/(z) + p(z)y(z) = g(z) (optionally with y(zo) = yo)
Output: Solution y(x)

1 Write the DE in standard form ¢/(z) 4+ p(2)y(z) = g(z)

Compute the integrating factor u(z) < exp( [ p(z) dz)

Multiply both sides by u(z)

N

w

4 Rewrite the left-hand side as di (n(2)y(z))
x

5 Integrate both sides

6 Solve for y(z)

7 if an initial condition y(xo) = yo is given then

8 ‘ Substitute into the general solution to determine the constant C'

9 end

Algorithm 1: Integrating Factor Procedure (to show on assessments)

Example 1.10. Solve the DE: Z—y = %y + 22e?, x> 0.

X

1. @_l .2
Ir xy z7e”.
_1 1
2 U(x) _ ef 1dx —Inzx il
T
3 ldy 1 - .
el A
& i l = ze”
dzx J:y
1
5 fy:/xexdx—i—c
6. /xexdxza:em—ez.
7. 2

1
—y=ze® —e* +C = y(x) = x°e® — xe® + Cu.
x

Exercise 1.3. (a) Solve the IVP

d
ﬁ +ory =2, y(0)=2.

(b) Evaluate lim y(x), if it exists.
TrT—0o0
(¢) Does y(z) attain a maximum value for x > 07

(d) Sketch the graph of y(x).

11




1.4.2 Homogenous and Inhomogenous Differential Equations

Definition 1.13. [Homogenous/ Inhomogenous DE]

For a linear DE of the standard form

y' () + p(z)y(z) = g(z).
o If g(z) = 0 = homogeneous DE = find homogeneous solution y,(x).
o If g(x) # 0 = inhomogeneous DE = general solution is
y(@) = yn(@) + yp(2),
where y () is the homogeneous solution and y,(z) is a particular solution.

A particular solution is a solution that satisfies the DE and does not have arbitrary constants.

Lecture 3 - Tuesday, January 13

So far, we have the following ways of solving linear first-order inhomogeneous differential equations,
which is integrating factors as established above. For the homogeneous case, we will see how today.

1.4.3 Principle of Superposition

Theorem 1.2. Principle of Superposition

Consider the standard form of a linear first-order DE:

y'(x) + p(x)y(z) = g(x)

If y1(x) is a solution for the DE y'(x) 4+ p(z)y(z) = g1(x) and yo(x) is a solution for the DE ¢/(x) +
p(z)y(x) = g2(z). Then for any constants C; and Cy, y(z) = Cryi(x) + Cayz2(z) is a solution to the
DE

y'(z) + p(@)y(z) = Crg1(z) + C292(2)
Proof. Starting by y(z) = Cry1(x) + Caya(z), substituting it back into the DE yields us

LHS = (Ciy1 + Caya)' + p(x)(Cryr + Cayo)
= Cryy + Cayy + Cip(x)y1 + Cop(x)y2

= C1(yy + p(x)y1) + Co(yh + p()ys)
= C191(x) + Cogo(z) = RHS

Hence y(z) is indeed a solution to the DE. O

12



1.4.4 The Method of Undetermined Coefficients: For Linear First-order DEs

This method? is for the DEs of the (standard) form:
y'(z) +py(z) = g(x)

the conditions are
e constant coefficient DEs;
e g(x) is one of the special functions: polynomial, exponential, sine, or cosine.

Here is the full procedure:

1. Letting g(x) = 0 = solve homogeneous equation 3" + py(x) = 0. Write the solution as yp(z).
2. Trial particular solution y,(x) based on g(x) (educated guess).
3. Substituting y,(z) into the DE, and find the unknown constants.

4. Write the general solution y(x) = yn(x) + yp(z).

Example 1.11. Suppose we have the following DE:
y' + 3y = 4cos(2t)
We first inspect, and find that we are able to use the undetermined coefficient method (section 1.4.4):

1. Standard form:
y' + 3y = cos(2t)

2. Solving for ¢/ + 3y = 0 we get yp,(t) = £eCe 3t = Cre™3;
3. Now we trial y,(t). We know that g(¢) = cos(2t), hence we guess y,(t) = Acos(2t) + Bsin(2t).
4. Substituting y,(z) into the DE we get

(Acos(2t) + Bsin(2t)) + 3(Acos(2t) + Bsin(2t)) = 4 cos(2t)

Solving for A and B we obtain: A = }—g and B = %. ie.,

12 8
= — 2 — sin(2
yp(t) 13 cos(2t) + 13 sin(2t)

5. Now we have the solution to the DE (as a result of the theorem 1.2):

12 8
y(t) = yn(t) + yp(t) = Cre™>" + e cos(2t) + = sin(2t)

2Here is a pretty useful resource: link

13
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Example 1.12. Solve the following DE:
y' + 2y = 3exp(—2t)
Again, after inspection, we discover that we can use the undetermined coefficients method 1.4.4:

1. Solving for the homogeneous case, y’ + 2y = 0, we obtain y,(t) = Cie~2! similar as above.

2. Since g(t) = 3e=%, we would guess y,(t) = Ae~?!. However, we find that if so
(Aefzt)/ +2(Ae”) =0

This is because Ae~2 is just a special form of our y(t). Here we introduce the trick that will

help us:

Take y,(t) = Ate~. We multiply the “usual” trial with a factor of the independent

variable.

Do it again, we solve for A:
(Ate_%)/ +2 (Ate_%) =3¢ 2

and obtain A = 3.

3. Therefore, the solution to the DE is

y(z) = Cre 2" + 3te™*

Comment 1.2. If the input function (g(x)) is a linear combination of the functions that are suitable
for the method of undetermined coefficients (or of product of these functions), then we use a com-
bination of functions and their derivatives in our trial y, with arbitrary constants that need to be

determined.

Example 1.13. If g(t) = 3tsin(t) — 2¢2!, we find three main components in this function:
e polynomial: t. For this, our trial is of the form at + b;
o sine: sin(¢). For this, out trial is of the form csin(t) + d cos(t).
e exponental.

Therefore, our trial y,(¢) will be of the form

yp(t) = (At + B)sin(t) + (Ct + D) cos(t) + Ee*

14



Example 1.14. Solve the DE:
y —y=el +t2 + 2tcos(t)

1. ¢ —y = 0 has solution y,(t) = C1e;

2. Trial is y,(t) = Ate' + (Bt* + Ct+ D) + |(Et + F)cos(t) + (Gt + H) sin(¢)|. This function is

quite big, so we can use the principle of superposition 1.2 to solve this DE:

Yy —y=¢ =y, (t) = Ate = Yp, (t) = te*
y —y=1t? = yp,t) =B+ Ct+D = vy, (t)=—t>—2t—2
Yy —t=2tcos(t) = yp,(t) = (too long) = yp,(t) = —tcos(t) + (t + 1) sin(t)

and yp(t> = Yp: )+ Ypa (t) + Yps (t).

3. Hence the general solution is

y(t) = Cret +tet —t? — 2t — 2 — tcos(t) + (t + 1) sin(t)

1.4.5 Separable Differential Equations

Definition 1.14. [Separable]

Separable differential equations are differential equations of the form

% = h(2)g(y)

Separable differential equations are nice because we can solve for y fairly easily:

[EOy

Example 1.15. 3/ = e” 1Y is separable.

15



1.5 Summary Linear First Order Differential Equations
Lecture 4 - Tuesday, January 20

Given a first order linear differential equation:

y'(@) +p()y(t) = g(t)
If the differential equation is homogeneous, we simply have

yn(t) = ere™ S PO
If on the other hand it is inhomogeneous, we have two methods for different situation: integrating factor

and undertermined coefficients. In the method of undertermined coefficients, the question is of the form
y' +py = g(t)

where p is a constant, and ¢(¢) is a special function. For picking the trial solution, consult the following
table:
Input g(t) | Trial y,(t)
ae® for a # —p | Ae™
ae® for o = —p | Ate™!
at?’ +bt+c(p#0) | A2+ BT +C
at’ +bt+c (p=0) | t(At> + BT + O)
asin(wt) 4+ beos(wt) | Asin(wt) + B cos(wt)
at sin(wt) + bt cos(wt) | (At + B)sin(wt) + (Ct + D) cos(wt)
) | e®(Asin(wt) + B cos(wt))

ae“t sin(wt) (or cos(wt)

The last case is when the differential equation is separable, which is a easy case to deal with, example below:

d
Example 1.16. Solve the IVP: d—y = —E, y(0) = 2.
€T Y

Solution. Observe that this differential equation is separable:

2 2
ydy = —zdz = %:—%+C

Without the initial condition, we know that
y(z) = Va2 +C

for some constant C. Using the initial condition, we can determine that
y(z) =V —-a2+4

as desired. As a side note, we can find that the potential interval of the solution is [—2,2]. However, since
y appears in the denominator (on the RHS of the differential equation), we find that the actual interval of
solution is (—2,2). O

16



1.5.1 Application of Separable Differential Equations

Consider the activity of sky diving, where we have the following formula from Newton’s Second law:
Fy—mg=ma

where F; = Bv?. Rewrite the equation, we have the following IVP:

dv

Ev U(O) =0

Bv: —mg=m

Rearranging the equation we find that this is a separable differential equation:

dv B
@

where a = %.

Comment 1.3. A non-separable differential equation may be reduced to a separable differential

equation by using appropriate change of variable:

1. ¢ = f(ax + by) where a and b are constant. We can take u = az 4 by and thus

du dy
r_ vt ay
e a+b<dx>

so now the differential equation can be written as a separable differential equation:

du
e a+bf(u)

2. y' = f(y/x). We can take u = y/x and so y = ux, now
"=+ au

now the differential equation becomes

which is indeed separable:

Example 1.17. Solve the differential equation:

dy _

Solution. We first transform the problem to be separable, introduce new variabel u := y — z, so we have

17



u' =y — 1. Now

d —-1/2 1/2
W+l=u> = Y =dz = / + / du = dx
u+1 wuw-—1

Solving for u we obtain

—1/2  1/2 1 1
= -1 1+ =1 1| =
/(u+1+u_1)du /dac—l—C’ = 2n|u—|— |+2 nju+ll=x+0C

Hence Z—j& = (C1e%®, and so u = %fgizzj This tells us that
1+ 016215
y(@) =z + 1_Cpeze

as desired. However, note that when we were solving the integral, we implicitly assumed that v # 4+1. Hence

we need to check for the case when u = £1:
(u=1): In this case, we have y = z + 1, which is indeed covered in our general solution (take C; = 0);

(u = —1): Now we have y = & — 1. This is a possible solution which is not included in our general solution. We

need to report this exceptional solution.
In summary, the general solution to the differential equation is

1 + Cle2x

W’ and y(x) =x—1

yla) =z +
as desired. 0

Exercise 1.4. Show that y(x) = x—1 is a solution to the differential equation in the previous example
above.
Example 1.18. Solve the differential equation:

x@— + ?
dr g sin (ﬂ)

Solution. We observe that
dy vy 1

dr =z + sin (%)

Hence we can take u = y/z, vy = u+ zu':

N4 zu’ =N+

1
- = sinudu= —dx
sinu x
Solving for u we obtain u = cos™*(C; — In |x]), and hence

y(x) = xcos™H(Cy — In |z])

The only assumption we made is x # 0, which is automatic since it appears in the In function. Hence this

is our final solution to the differential equation. O

18



1.5.2 Qualitative Analysis of Differential Equations: Directional Fields

Lecture 5 - Tuesday, January 20

Definition 1.15. [Directional Field]

A directional field is a differential equation of the form

yl = f(m,y)

for a differential equation y' = f(y), y(xo) = yo do
Find equilibrium solutions to ¥’ = 0 = f(y), call ye;

if y >0 then

1
2
3 Find the sign of ¥’ in the intervals y > 3. and e < y,;
4
5 L y(z) is increasing;

6 if ¢ <0 then
7 t y(x) is decreasing;

8 From the differential equation, we obtain

' dfy) _ df(y)dy
dx Y dx dy dx

If 4" = 0, make a table for sign of " in the intervals;

9 If " > 0, concave up;

10 If y” > 0, concave down;

Algorithm 2: Procedure for qualitative analysis of differential equations

Example 1.19. Consider the IVP ¢/(z) = a(y — ¥.), y(0) = yo, a # 0, ye > 0 are constants. Sketch
the solution curves using directional field analysis.

Solution. We solve for y' = 0 = a(y — y2), which has solution y = y.. Now we perform sign analysis: If
a > 0, we have

Y < Ye Y > Ye
negative positive

y | decreasing increasing

If a <0,

Y <Ye Y > Ye
positive negative

y | increasing decreasing

Compute y"':
d
y'(e)=ay' g (= ve) = a®(y — ye)

We see that ¢y = 0 when y = y.. Pictures below depict the directional fields:
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Y =VYe Y="Ye

Figure. Solution-curve sketch for ¢/(z) = a (y — y.): unstable if a > 0, stable if a < 0.

Exercise 1.5. Solve the differential equation y'(z) = a(y — y.), ¥(0) = yo and show that

and for a < 0, as x — oo, we have y(x) — ye.

Example 1.20. Consider the differential equation p’(t) = 10p(6 — p) and have a qualitative sketch

for the solution curves.

Solution. Solve for p’ = 10p(6 — p) = 0, we have two equilibrium solutions: p =0 and p = 6.
| p<0  0<p<6  6<p

negative positive negative

/

p
p

decreasing increasing decreasing
Compute p”:
M=ﬂﬁ:ﬂ%w—miw%—mﬁﬁaw%—@@m&w)
dp dp
which has solutions p = 0, 6, 3:
‘ p<O0 O0<p<3d 3<p<b6 p>6

negative  positive negative  positive

/!

p

P down up down up

We have the following picture:

20



Exercise 1.6. Solve the differential equation above.

Note 1.7. For the differential equations y'(z) = f(x,y), we follow the same procedure to sketch the

solution curves.

Example 1.21. Use the directional field analysis to sketch the solution curves for y' = y—t, y = y(t).

Solution. Solving for ¢y = 0, we obtain y = ¢. However, note that this is not an equalibrium solution since it
is not a constant. This is called the horizontal isocline since the target lines to the solution curves passing

through this line is horizontal (have slope zero).

| y<t y>t
y' | negative positive
y | decreasing increasing
Again compute 3"
dy' d
"—"2 — _(y—t)=¢y ' —1=y—t—1
i Ul O y
which has a solution when y =1¢+ 1:
y<t+1 y>t+1
y” | negative  positive
Y down up

We sketch the curve briefly:

/ —x+1

g

-

Discovery 1.1. Why the curves are not crossing the line y = ¢t + 1?7 This is because y = ¢ + 1 is also

a solution for the differential equation, and the solutions curves do not cross.



1.6 Existence and Uniqueness Theorem For First Order Differential Equations

Lecture 6 - Thursday, January 22

Theorem 1.3. Existence and Uniqueness Theorem

Consider the IVP ¢’ = f(x,v), y(zo) = yo. Suppose that f(z,y) and ‘3—5 are continuous at all points
within a rectangle R:
R={(z,y): |z — 20| <a, |y —yo| <},

where a and b are arbitrary constants. Then the IVP has a unique solution on some interval [

containing xg, within the length of the rectangle.

Example 1.22. Consider the IVP 3/ = 3y?/3, y(xo) = 0 for any o € R. What does theorem 1.3
predict about the solution of the IVP?

Solution. We identify f(y) = 3y%/% = 3. /42, which is continuous for y € R. Compute

O (2051 _ 2
oy 3 Yy
which is not continuous for y = 0. For the initial condition y(z¢) = 0, and since % is not continuous at

y = 0, there is no prediction from theorem 1.3 because the conditions of the theorem are not satisfied.

Let’s check if we have a unique solution. we can obtain the general solution:
y(@) = (@ + C1)?
Applying the initial condition y(xg) = 0, we get
0=(z0+C1)°® = C=—mx0

which is any real number. Hence y(z) = (z — x0)3, and we can check y/ = 3{/y2. Notice that y = 0 is a
trivial solution not included in the general solution. The solution to the IVP is not unique. O

Existence Uniqueness Theorem guarantees that the linear first order IVP (in the standard form)
y' (@) +p@)y(z) =g(x),  ylzo) =0
has a unique solution if p(z) and g(z) are continuous on an open interval o < z < 8 containing xg.
Comment 1.4. Alternatively, for
ay(z)y' () + ao(x)y(z) = f(z),  y(zo) =0

If a1(x), ag(x) and f(z) are continuous on an open interval & < x < § and a1(z) # 0 over that
interval, and that interval contains zg, then the Existence Uniqueness Theorem predicts a unique
solution for the IVP.
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Note 1.8. The largest interval that has no discontinuity for a;i(z), ag(z) and f(z) and a;(z) # 0,
containing z is called interval of the solution (or the interval of validity of the solution).

Example 1.23. Use Existence Uniqueness Theorem to predict about the solution to the IVP, and

determine the interval of solution
d
(@ —)E +ay=a’,  y(0)=1

Solution. Identify the components in the IVP, we find that a;(z) = 22 — 1, which is continuous over
R; ag(x) = x, which is continuous over R; f(x) = 23, which is again continous over R. From condition
2, we need to exclude all points such that a;(x) = 0. We find that there are two, z = —1 and = = 1.
Therefore, the interval of solution is (—1, 1). Finally, Existence Uniqueness Theorem 1.3 predicts that
there is a uniqu solution for the IVP in (—1,1). O

Exercise 1.7. Consider the IVP

Y 2
zo+y ,y(o)

(a) Use Existence Uniquess Theorem to predict about the solution of the above IVP for (i) xg = 1,
and (ii) zg = 0;

(b) Find the solution to the IVP with the initial condition y(1) = 1 and state the interval of the

solution.

Exercise 1.8. Use Existence Uniqueness Theorem to predict the interval of the solution to the IVP:

(t—2)y +In(t+1) -y = te', y(0) =2

1.7 Exact Differential Equations
Recall from multivariable calculus, suppose we have
flay)=C  y=y)

Differentiate both sides with respect to z we obtain

of  0fdy _
8x+8y8x_0
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Definition 1.16. [Exact Differential Equation)]

Given differential equation
dy
M N — =0
(z,y) + N(z,y)

If M(x,y) and N(z,y) are contiuous on some open rectangle R and functions f(z,y) is defined for all
(z,y) € R and

aof of
M = - N = —
(@,9) =5 (2,y) 9y
Then we call the differential equation exact on R.
of . Of Oy : o
Example 1.24. The problem Iz + e 0 is exact and the solution is of the form f(x,y) = C
x y Ox
for some constant C'.
1.7.1 Detecting Exact Differential Equations
If the DE is exact, then
of of
M == N ==
(@) = 5, (2,9) By
- ON . :
Proposition 1.1. If both — and —— exist and they are equal, i.e.,

dy ox

oM _ f _ @f _oN
oy  Oydx 0xdy Ox

then the differential equation is exact.

1.7.2 Solution to Exact Differential Equations

Theorem 1.4. Existence Theorem for Exact DEs

If M(z,y) and N(z,y) and their partial derivatives M, and N, are all continuous on some open
rectangle R C R?, suppose more that M, and N, agree on the rectangle, then the differential equation

d
M(z,y) + N(z,y) 52 =0

is exact on R, and there exists a twice differentiable function f(z,y) on R with f, = M, f, = N, and
the solution curves of the DE is f(z,y) = C.

0
Proof. Starting from the condition M, = NN, for exact DE. Starting from M = a—f, we have
x

flz,y) = /de+g(y)
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for some unknown function g of y. To determine g(y), we take partial derivative with respect to y:

of

(oM )
yny(fc,y)f/a—yderg(y)

In particular, rearranging the equation, we obtain

§(y) = N(z,y) - / N, (z,y) dz

Solve for g(y) by integrating with respect to y to get g(y), so we know what f(z,y) = [ M dz+g(y). Rewrite

the solution to obtain the form

fl(x7y) =C

as desired.

Note 1.9. For this to be true, we must have

(%(g'(y)) = % [N(:c,y) - /Nz(x,y) dx} =0

Notice that this is vacuously true, so as long as we find out what g(y) is, we have the solution to the
exact DE.

Comment 1.5. The theorem can also be proved by starting with a trial function f(z,y) =

/N(x,y) dy + h(z).

Example 1.25. Solve the IVP:

(2zy — 3x2)dx + (2 — 2y)dy = 0, y(0) =1

Solution. We first identify that
oM ON

2 9=
oy " ox
which implies that the differential equation is exact. Here we start with the function M:
faw) = [ 20y = 32 do + 9(0)
= y2® —2® + g(y)

We know that

x2—2y=N(x,y)=%£=x2+g’(y)

so ¢'(y) = —2y. This implies that g(y) = —y? + C. Hence the general solution to the exact equation is

ya? — 2 — 2 =C
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Applying the initial condition, we identify that the unknown constant is —1. Hence the solution to the IVP
is

yr? —ad —y? = —1

as desired. O

1.8 Special Non-linear First Order Differential Equations
1.8.1 Bernoulli Equation

Bernoulli equations are of the form

for some real number r € R.

1 Divide both sides by y":

1, 1
=y +px)—y =g
. ( )yr (z)

2 Use the transformation u(z) = y'~"(x) and obtain

du_dudﬁ_

qu g — (1 — —r
Q" agde YT

—r,,/

sou =(1—-r)y "y
3 Substituting the above equation into the DE,

1
1—1r

W+ pla)u = g(a)

which is our transformed DE.
4 Solve for u(x) using the above linear first-order DE, and then we can find y(z).

Algorithm 3: Procedure Solving Bernoulli Equations
Example 1.26. Solve the DE

y = ytan(z) — y? sec(x), x € (0, g)

Solution. We first verify that this is a Bernoulli equation:
y' —tan(z)y = — sec(x) >

Dividing both sides by 32, we get
y~ 2y’ —tan(z)y ! = —sec(x)
Define u(x) = y~1(x), so u’ = y'(—1)y~2. Substituting —u’ = =23 into the DE we get

—u/(z) — tan(z)u(r) = — sec(x)
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which is equivalent to u/(z) 4 tan(z)u(z) = sec(x), a linear first-order DE for u(x). O

Exercise 1.9. Solve the above linear first-order differential equation.

1.8.2 Ricatti Equation
Lecture 7 - Tuesday, January 27
Ricatti equations are of the form:

dy _

Y = P) (@) + Qy(e) + R(x)

Here is a systematic way solving Ricatti equations:

1 By inspection, we find a particular solution y,(z)

2 We use a transformation y(z) = z(z) + y,(x)

3 Substitute y'(x) into the DE to find z(x)

4 The transformed DE is a Bernoulli equation (if not, check your work)

5 Solve the Bernoulli equation for z(x)

(=)

The general solution to the Ricatti equation is

y(@) = 2(z) + yp(2)
Algorithm 4: Procedure Solving Ricatti Equations

Example 1.27. Solve the differential equation

dyi 3 2, Y
dx_x(y =) +a:

Proof. We rewrite the differential equation to obtain the following equation:
d 1
R ( _2934)9“”5
dz T

which is a Ricatti equation. By inspection, we notice that y(z) = = is a solution. Hence our final solution

would be in the form of

Substitute ¢y’ = 2’ 4+ 1 into the DE we get

Z+x
x

d1=2*+r—2)*+ = =t 2
T

which is a Bernoulli equation. Solving for z, we would get



1.8.3 The Method of Variation of Parameters (to find y,(z), for Linear 1st-order DEs)

We establish the procedure here:

1 Standard form is
y'(z) + p(x)y(z) = g(x)

2 Find the homogeneous solution to y'(x) + p(z)y(z) = 0, yn(z) = Ce™ Jp@)de

w

yp(x) = c(z)e” fp(z)dz, we take yp,(z) and replace the arbitrary constant with a function of z,
substituting y,(z) into the DE to find ¢(z).

4 Once we have c(x), we have y,(z)

5 The general solution to the linear first-order DE is

y(x) = yn(z) + yp(z)

In other words, we have y(x) = Ce™ Jr@as c(z)e” Jr@) e

Algorithm 5: The Method of Variation of Parameters

Example 1.28. Solve the differential equation using the method of variation of parameters

x

Yy +2y=e"

Proof. Find the homogeneous solution, we easily get y,(z) = Ce=2%. Therefore, we have

/ /_—2 2z

yp(x) = c(x)efzz = y,=ce " —2ce”
Substituting it into the DE, we obtain
de ™ —2ce™* £ 2(ce™ ) ="
Solving for ¢(z) we get
c(z) = /e:” dr+Cr=e"+0; = yy(z)=(e"+Cp)e >
Therefore, the general solution to the DE is given by

y(z) = Ce " + " 2 + Cre™ >

=Che ™ + 7"

as desired.
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1.9 Exercises

1.9.1 Linear

Exercise 1.10. Solve the IVP:

cos(x) y' +sin(z)y = 2 cos®(z) sin(x) — 1, y(z) =32, 0<z<

Exercise 1.11. Find the solution to the IVP:

1
Exercise 1.12. Find the solution to the IVP:
/ 5 s 3 4 3 4
ty — 2y =t’sin(2t) — ¢° + 47, y(ﬂ-)zéﬂ— i

Exercise 1.13. Find the solution to the IVP and determine all possible behaviors of the solution as
t — oo. If this behavior depends on the value of yg, give this dependence:

2y —y =4sin(3t),  y(0) = yo.

1.9.2 Separable

Exercise 1.14. Solve the following differential equation and determine the interval of validity for the
solution: P )
Y 2
— =6 1) =—.
7 =6 )

Exercise 1.15. Solve the following IVP and find the interval of validity for the solution:

32 +4x — 4
!

= — 1) =3.
Y 2 —4 y(1) =3

Exercise 1.16. Solve the following IVP and find the interval of validity of the solution:

3
’ Yy

- 0) = —1.
V=T Y0

Exercise 1.17. Solve the following IVP and find the interval of validity of the solution:

Yy =eY(2x —4), y(5) = 0.
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1.9.3 Exact

1.9.4 Bernoulli

Exercise 1.18.

Exercise 1.19.

Exercise 1.20.

Exercise 1.21.

Exercise 1.22.

Exercise 1.23.

Exercise 1.24.

Exercise 1.25.

Exercise 1.26.

Solve the following IVP and find the interval of validity for the solution:

dr r2

@ = g, T(l) = 2.
Solve the following IVP:

dy _

o = e sec(y) (1+1%),

y(0) = 0.

Solve the following IVP and find the interval of validity for the solution:

2xy—9x2+(2y—|—:1:2+1)d

y
A 0) = —3.
=0 y(0)

Find the solution and interval of validity for the following IVP:

20y? +4 = 2(3 — $2y) v, y(—1) =8.

Find the solution and interval of validity to the following IVP:

2ty

y(5) = 0.

Find the solution and interval of validity for the following IVP:
3yled™ — 1+ (2ye3my + 3l’y2€3my) y =0, y(0) = 1.
Solve the following IVP and find the interval of validity for the solution:

4
y' + Y= 2y, y(2)=-1,  z>0.

Solve the following IVP and find the interval of validity for the solution:
y' =5y+e Ty y(0) =2

Solve the following IVP and find the interval of validity for the solution:

6y — 2y =zy!,  y(0)=-2.
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1.9.5 Ricatti

Exercise 1.27.

Exercise 1.28.

Exercise 1.29.

Exercise 1.30.

Exercise 1.31.

Solve the following IVP and find the interval of validity for the solution:

Y
y+i-vi=0,  ym=o.

Riccati IVP 1 (constant coefficients).

Y =y*—4dy+3,  y(0)=2.

Riccati IVP 2 (polynomial coefficients).

y =y +ay+a®,  y(0)=0.
Riccati IVP 3 (with an easy particular solution).

1
y’:y2+<m—2x)y+(x2—1), y(1)=1, z>0.

Riccati IVP 4 (trigonometric coefficients).

y' = (sinx) y? + (2cosz)y +sinzx, y(z> =0.
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2 Dimensional Analysis

Here are some notation conventions, or fundamental dimensions. We use L to denote the dimension of

length, T" for the dimension of time, M for mass, @ for charge, and K for temprature.
Example 2.1. Consider velocity, we know that
dz [x]

’u:E, = [’U]H;LT1

Comment 2.1. Some parameters have dimension 1 or even dimension-less.

Example 2.2. The sine of any angle # has dimension 1. By linearization, we know that

sinf =~ 6
so as a result, 6§ has dimension 1.
2.1 Dimensional Principles (DP)
Theorem 2.1. Dimensional Principle 1 — Dimensional Homogenity

For equations (equalities) or inequalities with meaningful physical contents, only terms with the same

dimension can be added, subtracted, equated, or compared. i.e., for instance, we have inequality
A+B<C

only if [A] = [B] = [C].

Theorem 2.2. Dimensional Principle 2
For quantities A and B having different dimensions, we can only multiply or divide, and

a8l -8, [3] -5

Example 2.3. Use the DE for the falling object near the surface of the Earth with no drag force:

dv MG

dt (R+ s)?
to find the dimension of Newton’s universal gravitation constant, G. By the way,
e v is velocity e M is mass of the Earth e s is the distance of the ob-

ject from the surface of the
e tis time e R is radius of the Earth Earth
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Proof. By dimensional principle 1 (2.1), we have

o] [

By dimensional principle 2 (2.2), we know that

[v] _ [M][G]

1 [R+s)?
Hence [G] = L3T2M 1. O

2.2 Dimensionless Variables

Sometimes the choice of suitable dimensionless variables simplifies the DE and its solution for known models.

Example 2.4. For a projectile motion: If we ignore air resistance, the displacement s(t) of a projectile

launched vertically at ¢ = 0 from the initial height sq with initial velocity v satisfies the IVP.

dv
F=ma = —mg = m-——
I
and hence the velocity is given by v(t) = —gt + vo. Furthermore, we get

1
s(t) = —§gt2 + vot + Cy
Using the initial condition to solve for Cy we get
L
s(t) = —igt + vot + so

Lecture 8 - Thursday, January 29
s(t)

sc
a constant with the same dimension of S, so § is dimensionless. We observe that s¢ = sg. Similarly,

To write the IVP in dimensionless form, we define § = where s¢ is characteristic distance and is

= t
we define t = o, where t¢ is characteristic time and is a constant with the same dimension of time,
. c
so t is also dimensionless. Substituting them into out equation we obtain

1 - -
§s¢ = —59(15150)2 +vo(ttc) + so

- 1 2 votc ~ 8
§(f) = —-gCP+ 2%+ 2
2 Sco Sc Sc

We can easily verify that the last two terms are dimensionless. LHS is also dimensionless, so we must
i ) S

have the term g-< being dimensionless. Define ov = =2 —0, which can be verified is dimensionless,
sc soV g

then we can simplify the equation to

. 1 -
5(1) =—§£2+at+1
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Example 2.5. Alternatively, we can write s(¢) in dimensionless form by first inspect that sc = sg.
v

For to = —O, we have
g

[t ]fLTiil
Cl=Tr—2 "

We define
. t t N S S
t = — = ——— ISR
tc  vo/g sc So

Substituting this into the equation we had, we get

g
- 1 (vo? -
i) == <°>F+t”°+1
2 \ gso 950
A 22
Verify [A] = [,[;])([)q];j,] = % =1, so we have a dimensionless equation:

5(F) = M2+ 2xE+1

Note 2.1. Both forms of 3(f) are dimensionless and valid:

5(f)=—-it+at+1
) = - M2+ 20+ 1

We have simplied s(¢) with three dimensional constants to a dimensionless form with only one dimen-

sionless constant.

Comment 2.2. For v(t) = —gt + vo. At the maximum height, we have v(t) = 0, which givens us

v
Oifgt+’00 = tC:fO
g

which is what we defined above. Moreover, for the A defined above,

N 1/2mvo®  initial kinetic energy

mygso initial potential energy

Example 2.6. Consider the simple model for population growth:

=Pk p(0) = po

where r and k are constant. Write the IVP in dimensionless form, and find the dimensions of r and k.

Solution. To find the dimensions of unknown constants, we use DP1 (2.1) and DP2 (2.2): We first know
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from DP1 (2.1) that:

dp
—| = = [k
] ==
and hence
P = =T
[t]
Il _ k] = [k]=PT!
[t]
We define
=2 = pe=po
pc
- t 1
t=— = tc = —
to r
S0 we obtain ~
dp A A (a0
at — @t PP TP \ae ) TP ar
Substituting this back into the differential equation, we get
dp dp
—= = =k = —=p—2A
PboT a7 PPo di p

where A = k/(rpg), which is dimensionless. For initial condition p(0) = pg, we get
pop(0) =po = p(0)=1

Therefore, the dimensionless IVP is

as desired.

2.2.1 Finding the Dimension Ratios

Here is the question, given a set of dimensional quantities (parameters): (Q1,Qa2, ...

the possible dimensionless quantities from them?

,Qr), how can we find

BY DP2 (2.2), we essentially solve for constants ¢; € R such that
t1:1 gz cQlr

m =

is dimensionless, i.e., [7] = 1.
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Example 2.7. From example for projectile motion no drag force:

1,2
\o 2 mug
mgso

for physical quantities (m, vy, g, o). We wish to have that for R defined as:
T =mgZs vt
[7] = 1. Equivalently, we wish

[m][9]**[s0]* [vo]* = 1
M (LT~?)2(L)*=*(LT 1) =1
M01L02+03+C4T—202—C4 =i

Solve for
C1 = O7
co+cgt+ca=0 = c3=—c4— o,
—2cog —c4, =0 = ¢4 = —2cs.
C3 = (262) — C9 = Co.
SO cg is the free parameter. If co = —1, then we have
2
v,
T=—2
gso

which is what we had before.

Dimensional Matrix Another way of solving the above problem is to use the dimensional matrix.

particular, solving the system of equations

cg+0+0+0=0,
O4+co+c3+cy =0,
0—2024—0—04:0,

is equivalent to solving

1 0 0 O 0
C2

0o 1 1 1 =10
C3

0 -2 0 -1 0
Cyq

Solving D@ = 0 we find a dimensionless quantity.

36

In



Discovery 2.1. Alternatively, we can write dimensional matrix D from the dimensions of quantities:
[m] = M, [UO] = LT_lv [SO] =1L, [g] = LT 2.

Therefore, the dimensional matrix is:

m g s %
1 0 0\ M
D=[o 1 1] c
o -2 0 -1/ 71

Lecture 9 - Tuesday, February 03

2.2.2 Buckingham Pi Theorem

Theorem 2.3. Buckingham Pi Theorem

The number of independent dimensionless quantities is the number of physical quantities involved in

the problem minus the rank of the dimensional matrix.

Example 2.8. For the projectile motion (no drag) problem, there are four physical quantities (m, g,
Vo, S0), and the rank of the dimensional matrix is 3. Hence the number of dimensionless quantities is
4-3=1.

Note 2.2. If we have (n — r) dimensionless quantities, then we have to find dimensionless quantites
T1,72y¢ ey Tp—yp

If n —r =1, then 7 is a constant. Else if n — r % 1, then we can write one of these dimensionless

quantitesas as a function of the rest.

Example 2.9. Consider the population growth problem, recall

d
£=Tp—k, p(0) = po

Assuming that the population p is measured by biomass and write the dimensionless.

Solution. We have [p| = M, [t] =T, [k] = MT~!, [r] = T~!, and [pg] = M. Notice that we have 5 physical
quantities, and the rank of the dimension matrix D,
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has rank of 2. Hence the number of dimensionless quantities is 3. We can find these dimensionless quantitesas

either by solving D& = 0 or by inspection. By inspection (this is not unique),

pr k
m ==, my = rt, Ty = —
k Do
We can verify that w1, mo, w3 are dimensionless. O

Exercise 2.1. For the above example
(a) Solve D& = 0 and find 7, 2, and 7.
(b) Using dimensionless variables p = p/(k/r) and t = rt, show that the IVP can be written as

dp _ - TPo
g-P-1L B0

in dimensionless form.

2.2.3 Using Dimensional Analysis to Explore an Unknown Parameters

We can use

Ql :f(QQania"'in)

where ();s are dimensional parameters. Similarly, by Buckingham Pi Theorem, we have
= f(m2, .y Tnr)
where ;s are dimensionless quantities.

Note 2.3. Quantites Q; and m; are chosen arbitrarily.

Example 2.10. Suppose we wish to apply the Buckingham Pi Theorem to discover how the terminal
velocity Vr in case of Newtonian drag force fv? is related to the other physical parameters like m, g,
and § in downward motion of sky diving with mass of m. That is, without even formulating a model

(DE), we wish to determine Vi = f(m, g, 8) as far as possible.

Solution. We have the following physical parameters:
[ml =M, [g=LT? [8], [Vr]=LT"

We know that the drag force is Bv?, and we know that the dimension of force is MLT =2 so [3] = ML~
The dimensional matrix is thus

Vr  m g B

0 1 0 1 M
D=1 o 1 -1]:

1 0 -2 0/ 7
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which has rank of 3, so the number of dimensionless quantities is 4 — 3 = 1. By inspection,

which is dimensionless. Recall Buckingham Pi Theorem, since n — r = 1, so m we found is a constant, say
C. This tells us that
VTQZC'% = VT:i\/a”% = VT:C/”%

Example 2.11. Consider a simple pendulum with mass of m and length of ¢, released from rest at
initial angle 6y. Assuming no drag force in the motion, the only force acting on the system is gravity,
mg. Use Buckingham Pi Theorem to find the relation between the period of the pendulum and other

physical parameters involved.

Solution. Again, we first identify what we have:
[T)=T, [ml=M [(=L, [g]=LT"% [0]=1

The dimensional matrix is given by

T m ¢ g 6
0 1 0 0\ M
D=lo 0o 1 1 0]
1 00 -2 0/ 1

The rank of the matrix is 3, so the number of dimensionless quantities we expect is 5 —3 = 2. By inspection,

we can take
_ T
T

By Buckingham Pi theorem, we know that o is a function of 71: w9 = F(m1) for some F. Hence

m = b, T

0 o) = 7= VF!

where \/F(6p) is just a constant. O
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Example 2.12. Consider an object moving through a Newtonian fluid. We assume that the density
of the object is much larger than the density of surrrounding fluid so buoyancy and added mass forces

can be ignored. The governing equation is

m% = —mg+ Fy(v)
where the drag force F,; depends on the object velocity and shape. We assume the object is rotationally
symmetric about the vertical axis and is not spinning, so the drag force acts to oppose the object
motion. That means that there is no tangential component of the force. The drag force depends on
the fluid density p¢, the size of the object given by, for example a cross section diameter D, the object
velocity v, and the fluid viscosity u (M L™1T~2). What are the dimensionless quantities? Find F,; as

a function of the other physical quantities.

Solution. Identify what we know:
[Fy) = MLT™2, [pfl=ML™3, [D|=L, [u=ML'T" [v]=LT"

The dimensional matrix is given as

Fs ps D
1 1 0 1 0 M
D= -3 1 -1 1|z
-2 0 0 -1 -1/ 7

The rank of the matrix is 3, so there will be 5 — 3 = 2 dimensionless quantities. By inspection,

Fy UDpf
"=, Ty = ———
3ps D0’ p
where in 71, the factor of 1/2 in the denominator is traditional, it does not effect our answer, it is there to

be precise. By Buckingham Pi theorem, we know 7m; = F(m2). Hence

1 D
Fd:2‘F(U pf),prZ,UZ
i

Exercise 2.2. A spherical object is moving through air experiences a drag force that slows down the
motion. The drag force, F', depends on the velocity, spherical density p, the radius r, and the drag
coefficient C'4 which is dimensionless. Find an expression for the drag force using Buckingham Pi

theorem and these physical quantities. How does the drag force scale with v and r.
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3 Higher Order Differential Equations

Lecture 10 - Thursday, February 05

3.1 Reduction of Order
3.1.1 Dependent Variable is Missing

This is the scenario that we only have 3., ¥ and/ir g(x) but y(z) is missing in the differential equation.

Here is what we are going to do

1 u(z) = y/(z), transformaton: reducing the order of DE
2 u/(z) = y"(x), substituting into the DE, now we have a 1st order DE in terms of u(z)

3 Solve the 1st order DE and return the original variable via integration.

Algorithm 6: What to do when Dependent Variable is missing

Example 3.1. Solve for y" + 1y’ = t.

Solution. We solve this via reduction of order, define v = y’. Hence we obtain the DE:
utu=t

where we know the solution (obtained using integrating factor, or undetermined coefficient/variation of
parameters is also fine) is
u(t)=t—1+Ce™"

Hence the solution y is y(t) = $t> —t — Ce~' 4+ C". O

3.1.2 Independent Variable is Missing

In this case, we know know a relation between 7/, 3", and y. See below for an example.
Example 3.2. Solve 3y’ = 2y(y')3, y = y(z).

Solution. This is a non-linear 2nd order DE missing the independent variable. We first define ¥’ = u, so

du  dudy du
" = —= —— = _— = 2 3
de dydz udy y(u)

Assuming u # 0, we can solve for u: u(y) = C%y% and so

dy 1

de  C—y?

Now we can solve this and obtain .

Cy — % —x+C
which is an implicit solution. Recall that we made the assumption that uw # 0, if u = 0, then y(z) = C” is

some constant, which is not included in the implicit form. This is our exceptional solution. Therefore, the
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solution to the 2nd order DE is
y?
Cy—gzx—l—(}” and  y(z)=C"

as desired.

3.2 Higher Order Differential Equations

Higher order differential equations are of the form
Flz,y,y' " y™) =0, y=y(x)

Definition 3.1.

Again, a differential equation is linear if F is a linear function of y,%/,y”,...,y™.

Given a differential equation of the form
an(@)y"™ + ap_1y" V(@) + -+ ar(@)y + ao(a)y = f(2)

o If f(x) =0, then this is a homogeneous DE;
o If f(x) # 0, then this is a inhomogeneous DE;

o If all a;(x) are constant, then this is a constant coefficient DE
Comment 3.1. For IVP of nth order, we need n initial conditions:
y(o) =po, ¥'(x1)=p1, ..., Y (@ao1) =pa

where p; are constants for all 4.

3.2.1 Existence and Uniqueness Theorem Revisited

Theorem 3.1. Existence and Uniqueness Theorem

For the IVP
an(ﬂﬁ)y(") + an—ly(n_l)(x) + -t ar(@)y + ao(x)y = f(z)

y(@o) =po, ¥ (o) =p1, .., ¥y D(wo) =pn
If there is an open interval I such that:
1. all functions a;(z) and f(z) are continous on I;
2. ap(x) #0on [;
3. for any zg € I,

then the there is a unique solution on I and I is the interval of the solution.
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Example 3.3. Consider the IVP:

/

y'+ o+ Vey=lnz,  y(1)=3,y(1) =5

Find the interval of solution using the E/U theorem 3.1.

Solution. We identify:

az(z) =1, ai(z)= ao(r) =Vr, f(zr)=Inz

so the interval(s) that all a;s and f are continous is
(0,3) U (3, +00)
Therefore, the interval of solution is (0, 3).

3.2.2 The Principle of the Superposition Theorem

Theorem 3.2. The Principle of the Superposition Theorem

For any linear n-order DE:
an(@)y™ + an-1y" V(@) + - + a1 (@)y + ao(x)y = f(=)
If y1(z), y2(x), . .., yn(z) are the solutions of the homogeneous DE
an (@)Y ™ + an_1y V(@) + - + a1(2)y + ao(z)y =0
on I, then for any constant C1,Cy,...,C, € R,
Yn(@) = Cry1(z) + - + Coyn()

is a solution to the homogeneous DE.

Definition 3.2. [Linearly Dependent]
The functions y1(x), y2(z),...,yn(z) are said to be linearly dependent on an open interval I if
there exists constants aq, ..., a, € R such that not all o;s are zero at the same time, and

a1y1 + asys + -+ anyy =0

Definition 3.3. [Linearly Independent]
The functions y1 (), y2(x),...,yn(z) are said to be linearly independence if they are not linear
dependent.
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Example 3.4. Are the functions e, e~® and sinh(x) linear dependent?

Solution. They are linear dependent.

3.3 Wronskian and Linear Independence

Definition 3.4. [Wronskian)]

The wronskian of n differential functions

yl(m)7y2(x)’ aoo 7yn(x)

is given by
y1(x) ya2(z) Yn ()
yi(x Yz () Yn ()
W[ylvy%"'?yn]: .
n—1 n—1 n—1
u' @) @) - e ()
Example 3.5. For W{e”, e~*], we know
x —T
Wle®, e "] = ez ¢ L =2
e’ —e

Proposition 3.1. Let y;(z),y2(x),...,y.(x) be n solutions on an open interval I of the DE:
an(@)y™ + ap_1y" V(@) + - + ar(@)y’ + ao(a)y =0

Then y; (), y2(z), . .., yn(x) are linear independence on I if Wyy,ys,...,y,] #0 for all z € I.

3.3.1 Theorem for a 2nd Order Linear Differentiate Equation

Theorem 3.3.

In the standard form
y"(z) +p(x)y (z) + q(z)y(z) =0

If the conditions of the Existence Uniqueness theorem 3.1 are satisfied and y; (z) and y2(x) are linearly
independent solution on the same interval o < z < 3, then for any z( € («, ) and any constant po, p1,

there exist unique constants C; and Cs such that

yn(z) = Cry1(w) + Caya ()

is a solution to the IVP

y' (@) +p()y (x) + q(@)y(z) =0,  y(xo) =po, ¥ (x0) =p1
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3.3.2 Abel’s Formula for a 2nd Order Differential Equation
Lemma 3.1. If y;(z) and y2(x) are any two solutions of
y"(x) + p(x)y () + q(x)y(z) = 0

on I, then the wronskian is either zero or non-zero on all of I.
Note 3.1. In particular, Abel’s formula tells us that

Y1 Y2
Wly1,y2] =

)

= Y1s — Y2U

is in the form of

W(z) = CeJ P

Proof. We start from the solutions: Suppose y1,y2 are solutions of
y' +p(@)y +q(z)y =0.
That is,
yi +p(@)yr +q(z)yr =0,
ys +p(x) vy + q(x) y2 =

We know that the wronskian is defined as

Y1 Y2

Y Yo

Wiy, y2](z) = = Y1y — Y2, -

Differentiate:
W' = (195 — y291)" = ¥1¥5 + 1Ys — Ys¥h — Y2t = Y195 — Y211 -
From the differential equation (applied to y; and ys),

/

Yy = —p(z)y)

/

—q(x)y, vy = —p(x) Yy — q(z) ya.

Substitute into W':

W’ = yi(=p()ys — q(2)y2) — y2(—p(x)y; — q(x)y1)
= —p(x)y1ys — a(@)y1y2 + p(x)y29) + 4(x)y201
= —p() (195 — Y211
= —p(z) W.

Hence W’ + p(x) W = 0. Solving this first-order linear ODE gives

W(z) = CeJr@ dz where C' = W(xg), xo € 1.
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Since e~ J @) 8 oists for continuous p(z) and is never 0, we conclude W (x) is either identically 0 (if C' = 0)
or never 0 (if C' # 0). O

Example 3.6. Consider ¢;(z) = 2% — 2, ¢o(z) = —1 on (—2,2). What is your conclusion about ¢;
and ¢o?7 Are they solutions to a 2nd order DE?

Solution. We compute the wronskian:
Wiz? — 2z, —1] = 2z — 2

n (—2,2). We observe that W(xzg =0) = —2 and W(xg = 1) = 0, so the values of wronskian changes from

non-zero to zero, so we conclude that these functions are not solutions to a 2nd order DE. O]
3.4 General Solution to Inhomogenous Linear Differential Equations
Lecture 11 - Tuesday, February 10

Suppose we have the inhomogeneous linear differential equation

an(@)y™ + an1y" V(@) + - Fa(z)y’ + ao(a)y = f(z)

1. Find the homogeneous solution to the homogeneous differential equation:
an(@)y"™ + an-1y" V(@) + -+ ar(@)y + ao(x)y = 0

First obtain the solutions y1 (z),y2(x), .. ., yn(x). They need to be such that Wiyi,ya,...,yn] #0

(i.e., linear independence) for all = € I, and the homogeneous solution is

yn = Cry1 + Coya + -+ + Cryn

2. Find a particular solution y,(z);

3. The general solution is y(z) = yn(z) + yp(x).

3.4.1 Linear 2nd Order Differential Equation with Constant Coefficients

Linear 2nd order differential equation with constant coefficients are of the form
Ay (2) + Ary/ () + Aoy(x) = 0

We first write it in the standard form

" Al ’

+ =1 4o
v LY

(@) + L ul@) =0

which is of the form

y' +py +qy=0
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Example 3.7. [Case p =0, ¢ = —1]: In this case, the differential equation is of the form
y —y=0
Notice that y(z) = e*® are two solutions to the differential equation. Moreover,
Wie*, e %] = -2
which implies that the two solutions are linearly independent. Therefore, the solution to the above

DE is
yp(x) = Cre® 4+ Coe™

In general, for DE
y' +py +qy=0

Assume y(z) = e’ is a solution, then we must have (by substituting in the solution)
N 4+pA+q¢=0

. Now we

—pE/p?—4q
2

which is called the characteristic equation. We know that the two solutions are Aj o =

have three cases depends on the value of the discriminant:
[Case 1, p> —4q > 0]: In this case, there are two distinct roots,

A1:7p+\/p274q \, = “P—VP?—4q
2 )

and the two solutions to the original DE are

Checking if the two solutions are linearly independent:
Wletx, e*2®] = (A — Ag)eP1A2)2

We verify that they are linearly independent, so the homogeneous solution is

yn(x) = CreM® + Cyee”

[Case 2, p? —4q < 0]: In this case, we have two complex conjugate roots
N R T N e VA el
1 9 ) 2 9
and the two solutions to the original DE are

AT eA-‘r’LB Aoz A—iB
- )

n(z)=e ya(z) =€
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We are interested in real solutions, manipulate the solutions
" (.73) — eAa:eiB:c

_ Az - Az _:

= e”* cos(Bx) + ie”” sin(Bzx)

yo(z) = % cos(Bx) — ie\ sin(Bzx)
This suggests us to define two real functions:

Yila) = 2 (@) + () = ** cos(Ba)
Vo(a) = (4 (x) — 32(x)) = & sin(Ba)

and hence the final solution is

yn(x) = Cre* cos(Bz) + Cye’® sin(Bx)

[Case 2, p> —4g = 0]: In this case, we have repeated solution:

Ao = %p = yi(x) = e BT = ¢

Az

For the second solution, we use variation of parameters:

Substituting it into the DE, we obtain
y/2/ _ C//e)\w + /\C/e)\w + )\Cleka: +)\2Ce)m
[ ——
=2)C’ew

Plug it into the DE:

(C"er +20C"eM + N2CeM) +p (C'e™ + ACer) 4 qCe ™ =0
C"eM 4 (2X +p) C'eM + (N2 + pA +q) Cer® =0
——— —_—
=0 =0
C"(z)=0 = Cx)=ux

(Note that the constant term is absorbed in y; (2:)). This tells us that the general solution to the homogeneous
DE is

yh(l') = (Cl + CQSU)G)\I, )\ = %p

Example 3.8. Solve the DE y" — ¢/ — 2y(z) = 0.

Solution. The characteristic equation is A2 — A\ — 2 = 0, which has two distinct real solutions A; = 2 and
Ao = —1. Hence
yn(z) = C1e** + Che ™
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as desired. O

Example 3.9. Solve the DE 3" 4+ 4y + 5y(z) = 0.

Solution. The characteristic equation is A? + 4\ + 5 = 0, which has two distinct imaginary solutions A\; =
—2 —2i and Ay = —2 + 2¢. Hence

yn(z) = Cre %" cos(2z) + Cye 2" sin(2z)
as desired. O

Example 3.10. Solve the DE z” + 62’ + 92(t) = 0.

Solution. The characteristic equation is A2 +6X+9 = 0, which has a repeated real solution \; » = —3. Hence
yn(x) = Cre 3" 4 Coze 3"

as desired. 0

3.4.2 Inhomogenous Linear 2nd Order Differential Equation with Constant Coefficients

Inhomogenous linear 2nd order differential equations with constant coefficients are of the form
Asy"(z) + A1y (2) + Aoy(x) = f(x)

In stardard form,

v +py+aqy=g

1. Find yp,(z) using characteristic equation

2. Find a particular solution. If g is one of the special functions (polynomial, exponential, sine or
cosine functions, linear combination of these or product of these functions), we use undetermined
coefficients to obtain solution y,(z),

3. The final general solution is
y(@) = yp(2) + yn(2)

Example 3.11. Solve y" + v/ — 6y(z) = e**.

Solution. The homogeneous solution is

yn(x) = C1€> + Coe™ 2"

1
4>

4% is exponential. Solving for A we get A =

Our trial solution would be y,(x) = Ae?® because function e
so our final solution is

1
y(:z:) _ 0163:1: + 0267230 + ﬂeélz
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as desired. O
Example 3.12. Sovlve ¢y’ + ¢y’ — 6y(x) = .
Solution. The homogeneous solution is
yn(z) = C1€3® + Che™2*

Our trial solution would be y,(x) = Az + B. Solving for A and B we get A = —1/6 and B = —1/36. Hence

our final general solution to the DE is

as desired. O
Example 3.13. Sovlve y" — 2y’ + y(x) = cos(2x).
Solution. The homogeneous solution is
yn(z) = Cre® + Coze”

Our trial solution would be y,(z) = Acos(2x) + Bsin(2z). Solving for A and B we get A = —3/25 and
B = —4/25. Hence our final general solution to the DE is

3 4
y(x) = Cre” + Coxe® — % cos(2x) — % sin(2z)
as desired. 0
Example 3.14. Solve the DE y” — ¢/ — 2y = €22.
Solution. The homogeneous solution is

yr(z) = C1e% + Che™™

Our trial solution would be y,(z) = Ae?* which is included in the homogeneous solution, so the actual trial

solution is y,(z) = Aze®®. Solving for A we get A = 1/3 Hence our final general solution to the DE is
2z —x 1 2z
y(x) = Cre™® + Coe™ " + 3%€

as desired. 0
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3.5 Application
3.5.1 Undamped System
Simple Pendulum
Lecture 12 - Thursday, February 12

Suppose we have a simle pendulum:

e
\-

mg sin(d) |0

mg cos(6)

We know that the only force experienced by tha object is

F =ma=—mgsinf

2

where a = ditj We also know that for small angle 6, we have s = L, so we obtain

d?s d%6

SR TER e TE)

In particular, we have

d?6
mL@ = —mgsin 6
d26 g .
@ —+ Z Sln@ = O

For small angles of 8, we have sinf = 6, so we have

d?0

g
az Tpf=0

define wg such that wy? = g/L, so we have the second order differential equation:
0" + wo?0 =0
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Spring-mass Oscillation Let x = 0 be the equalibrium position. The force on the object is

d%x
F :mazm@ = —kz

so define wg be such that wy = 1/%, we have

x4 w02x =0

Let us try to solve this DE with constant coefficient. The characteristic equation is
Mtw?=0 = M= tiwg
so z(t) = Cy cos(wot) + Co sin(wpt). We can write this solution in the form of
z(t) = Rsin(wot — @) or x(t) = Rcos(wot — @)

we can further write them as

x(t) = Rsin(wo(t — wio))

where R is the amplitude, ¢ is the phase angle, and ¢/wy is the phase shift.

Example 3.15. Consider z(t) = v/3 cos(4t) + 1sin(4t), write z(¢) in form of z(t) = Rcos(4t — ¢) and
determine R and ¢.

Solution. We want x(t) = R cos(4t — ¢), using the formula of sum/difference of angles, we have
x(t) = Rcos(4t) cos ¢ + Rsin(4t) sin ¢

so we want
Rcos¢p = V3
Rsing =1

Solving the above system of equations we have R = 2 and ¢ = /6.
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Exercise 3.1. LC Circuit

Consider the LC circuit connected to voltage V.

t
For capacitor, the voltage drop is Vo = @, i.e., the drop is proportional to the charge Q(t)
(measured in Coulomb) and inversely proportional to the constant capacity C. For inductor, the
dI(t

voltage drop is VL(t) = L%, i.e., it is proportional to inductance L (measured in Henry) and

d
proportional to the rate of change of current I. Note that I(t) = d—? Show that the model for LC
circuit can be written as 1
" ILC

Hint: Kirchkoff’s voltage law: In a closed loop in an electric circuit, we have the following

Z ‘/source = Z Vdrops

I”(t) + wozf(t) = 07 wo

3.5.2 Dampled System

Spring-mass Oscillation We assume that we have a damper which is directly proportional to the velocity

of the mass and opposes the movement. In this case, we have
7 / " c k _
ma’ = —kx(t)—cx’ = 2"+ —a2'+—z(t)=0
m m
C
2won’

Again define wy be such that wg? = % The damping parameter is { = which is a positive dimensionless

constant. Hence the equation becomes

‘:c” + 2woCz’ + wo?z =0

Definition 3.5. [Standard Form of Damped Oscillation System)]

The boxed equation right above is the standard form of a damped oscillation system.

Note 3.2. Similar DE can be written for other physical systems such as damped pendulum and RLC

circuit.
Again, let’s try to solve this constant coefficient DE: The characteristic equation is

A2 2wl N + w2 =0
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which has two roots

)

.- —2wo( & \/(2211;()()2——411102 = (—C £V = Dwy

Depending on the value of the discriminant, ¢ — 1, we have three difference cases.

(¢? —1>0). This is called a overdamped system. In this case, ¢ € (1,00), and that we have two real roots \;

and \o. The solution is

z(t) = CreMt 4 Che??t
— Oyel—CHVE Dot 4 () o(~¢—y/C=Duot

Notice that as t — 0o, we have z — 0.

Comment 3.2. There is no oscillation for overdamped systems.

(¢ —1 < 0). In this case, ¢ € (0,1). Note that if ¢ = 0 then this is a underdamped system. We have two complex

conjugate roots,
/\1)2 = —wOC + iwox/ 1-— C2

Hence the solution is
z(t) = e~ wolt {Cl cos(wgy/1 — ¢2t) + Cy sin(wg/1 — Czt)}

or
x(t) = Re™ "% cos(wg /1 — (2t — ¢)

Re~"o¢t is called a decaying amplitude because it decreases as t increases. Since —1 < cos(e) < 1, so
—Re "0 < z(t) < Re™™0% = |z(t)| < Re~wo¢!
so again, z(t) — 0 as t — oo.

Example 3.16.

Lecture 13 - Tuesday, February 24
(¢ —1=0). This is called a critically damped system. In this case, ( = 1 is a repeated root for the characteristic
equation:

)\1 = )\2 = —wOC = —Wo
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Hence
l‘(t) — Cle—wot + C2te—w0t

The solution is similar to overdamped (no oscillation) and z(t) — 0 faster than in the overdamped

system.

Discovery 3.1. Critically damped system vanishes much faster than overdamped system.

Example 3.17. A mechanical ststem undergoes damped oscillations governed by the DE
Y+ 2by’ + woy(t) =0

Suppose that, over 10 oscillations, the amplitude of the oscillations drops from 27cm to 10cm. Find

the value of dimensionless damping arameter ¢ = w%'

Solution. Standard DE for damped oscillator is

y" + 2Cwoy’ + woy(t) =0

Comparing the given DE with the one above, we identify ¢ = . At ¢, we have

wo

Ry = 27em = Re™woch

At ty = t1 + 10T, we have
Ry = 10cm = Rw ™ "wo¢t2

Now, we have

Ry Re~wo¢h 27 207¢ 27
_ = = — = evi—¢¢ = —
Ry 7w0<(t1+10_ 2n ) 10 10
Re woVi-¢?
Solving for ¢, we will find ¢ ~ 0.016. O

Example 3.18. Decide which system describes overdamped, underdamped, or critically damped

motion.
(a) =" + 22’ + 3z(¢t) = 0;
(b) o + a2/ + 3x(t) = 0;
(c) 2" + 42’ + 4z(t) = 0;

(d) o” + ta(t) =0.

Solution. (a) Recall the standard form,
2"+ 2wola’ + wox(t) =0

We identify that wy = v/3 and ¢ = % < 1, so this is an underdamped system. Alternatively, we could also
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find that the characteristic equation is
N +204+3=0

which has two imaginary roots, this again verifies that the system is underdamped.

(b) This is an overdamped system.

(c) This is a critically damped system.

(d) This is an undamped system, ¢ = 0. O
3.5.3 Damped Forced Oscillation System (Periodic Force)

The standard form is
2" (t) + 2Cwox’ (t) + wox(t) = fo cos(wt)

which is an inhomogeneous 2nd order linear DE with constant coefficients. We know that the general solution
is of the form

w(t) = zn(t) + zp(t)
For homogeneous solution to the homogeneous equation
a (t) 4 2Cwox! (t) 4+ wo?ax(t) = 0

we would have one of the three cases introduced in the previous subsubsection, they are overdamped,

underdamped, and critically damped. For all these cases, we know
xp(t) =0 as t— oo

As a result, in the solution

z(t) = zn(t) + 2p(t)
We call zj(t) the transient part of the solution, and on the opposite, x,(t) is called the steady state
part of the solution.

Discovery 3.2. We can find x,(¢) using undertermined coefficient.

Using undetermined coefficients, we trial

zp(t) = Acos(wt) + Bsin(wt)
,(t) = —Awsin(wt) + Bw cos(wt)

2 (t) = —Aw? cos(wt) — Bw? sin(wt)

Substituting these into the DE, we obtain

[—Aw? cos(wt) — Bw? sin(wt)] 4 2¢wo [— Aw sin(wt) + Bw cos(wt)]
+ wo? [A cos(wt) + Bsin(wt)] = fo cos(wt)
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Solving for A and B we obtain

fo(wo® — w?) B fo(2¢wow)

A= (wo? — w?)? + (2Cwow)? (wp? — w?)2 + (2Cwow)?

We can write x,(t) = Agg cos(wt — §), where Agg is the steady state amplitude. Expand cos(wt — §), we
have
zp(t) = Agg cosd cos(wt) + Agg sin 0 sin(wt)
=A =B

Hence we could figure out that Agg = v/ A2 + B2 and hence

fo® fo
A2, = = Agg=
SS (w02 _ w2)2 + (2Cw0w)2 SS \/(w02 _ wz)g + (zgwow)2
Note 3.3. Note that this tells us that
B
sind =——>0
Ass
which implies that § € (0, ).

Therefore, we have

fo

N T e e A

z(t) = zp(t) +

Analysis of Steady State Amplitude: Suppose w = 0, then

Jo
Ass(w =0) = wo?
Define A
A= 55 and 0=2
fo/wo2 Wo

we know that they are dimensionless. In particular, we calculate

Aot Jo - o
2 _ 2)2 2
(RS S ey e o)
This implies that
1
A, Q) =

V-2 1 (20
Constructing the graph of A as a function of 2 for fixed (, then change the values of (:

(1) A(0,¢) =1 for all ¢ > 0;
(2) lim A(Q2,¢) =0 as 2 — oo;

— 1 ) 2
(3) AQQ) = ks <12 2 1
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If¢ < %, then ,

BV R IO TEIeR
We notice that A(Q,¢) =1 when Q = 0. At Q2 — 2(1 — 2¢?) = 0, we have

Q=/2(1-20)

1
V2

A6, 0)

This means that we have a maximum for A(€2, () for ¢ <

dA.
Q-

. To find the maximum, we need to compute

% - _% [1+0% — 202 4 4¢20?) /% [403 — 4w (1 — 2¢2)]

Solving for i—é = 0, we have

Q=0 or Q=+/1-2¢2

Substituting in the latter, we obtain

A(vV1=2¢2,() = %\/;742

When the damping parameter satisfies 0 < 2¢? < 1, then A attains a maximum value greater than 1. We

say that the system undergoes resonance. We had Q = 2 A = Agg/(fo/wo?), so

'LU()7

1
Qres:\/]-_22» Areszi
¢ 201 -2

This tells us that

ey Jo
Wres = W 1-2 2a ASSres = = 5. T/
’ ¢ 2w2(\/T - C2
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3.5.4 Undamped Forxed Oscillation (Beats)
Recall that undamped means that ( = 0. The differential equation in this scenario is
2" (t) + wolx(t) = fo cos(wt)

which has the solution of the form
z(t) = zn(t) + zp(t)

For the homogeneous solution, we have the characteristic equation
)\Z’LUQ2 =0 = )\1)2 = $rwg

and hence
xp(t) = C1 cos(wot) 4+ Ca sin(wot)

Assuming that w # wy,
xp(t) = Acos(wt) + Bsin(wt)

We can substitute into the DE and find A and B, or let ( = 0 in z,(t) we found for damped force system:

Tp = Jo cos(wt — @)
V (wo? — w?)? + (2Cwow)?
Letting ¢ = 0, we have
fo
xp(t) = i cos(wt — @)
S0 2 2 2
cos¢p = o — W =1, sing = Cwow =0
v (wo? — w?)? + (2wow)? V(wo? — w?)? + (2wow)?
and thus ¢ = 0. This further implies that
fo
:Up(t) = m COS(wt)

Assuming now we have initial conditions x(0) = 2’(0) = 0. Subsituting in, we can find that

Jfo
Ci=—55F, Cy=0
1 woZ — w2 2
Now, we have
Jo ) fo .
J?(t) = —m COb(th) + m cos(wt)
= L[cos(wt) — cos(wot)]
wo? — w?

72f0 . w — Wo . w + wWo
= 5 5 sin t | sin t
Wp* — W 2 2
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Let’s now compare these sine functions:

— 2 4
sin <w th) : T = T = T
2 |lw—wo|/2  |Jw — wp
4
sin<w+wot> : T = il
2 w + wo

Note 3.4. If w =~ wyg, then T} < T5.

3.5.5 Undamped Forced Oscillation (Extreme Form of Resonance if w = wy)

In this case, we have
2" (t) + wo?x(t) = fo cos(wot)

We solve this either by finding homogeneous solution
xp(t) = Cq cos(wot) + Cy sin(wot)

and then define z,(t) = At cos(wot) + Btsin(wot). Substituting z, into the DE and find A and B. Or we

could use the solution for undamped forced oscillations and find the limit

33, o)
For initial conditions z(0) = 2/(0) = 0, recall
—fo
Cl:’LUQQ—’LUQ’ 02:0
and
1= o t t
x(t) = m[eos(w ) — cos(wot)]
Using L'Hopital’s rule, we can find that
: fo ..
1 t) = —ts t
Jim x(t) o sin(wot)

3.6 Cauchy-Euler Equation

What if our DE is not a constant coefficient DE? Suppose our DEs are of the form

2y (z) + pay (x) + qy(z) = 0

where p and ¢ are constants.

60



1. We use transformation x = e* or u = Inz to transform the DE to a constnat coefficient DE.
p_dydu _dy (1
y= dude  du \=z
p_ d(dy (INY_ 1d%  1dy
y T de \du \ z T z2du? 22du
Lecture 15 - Friday, February 27
2. Substituting into the DE:
1d?y 1dy dy (1
2
- zJ =2 I = =0
v {12 w2 Zau| TP \z) ] T =Y

d’y dy dy

d*y dy
1
u2—|—(p ) u—i—qy(u) 0

which is a constant coefficient DE.
3. Solve this DE for y(u),

4. Return to our original variable v = In x.

Example 3.19. Find the solution to the DE:

2’y +ay —y(z) =0

Solution. This is a Cauchy-Euler equation, set © = Inz. We identify that p =1 and ¢ = —1, so
y'+ (=1 —y(u) =0

Solving for this we know
y(u) = Cre" + Cre™

so the general solution is
1
y(x) = Crz + Cg;

3.6.1 Method of Reduction of Order if one solution to homogeneous DE is given

Assume we have DE of then form
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If y1 (x) is a non-trivial solution of the homogeneous DE, then the general solution to the DE is of the form

[y(@) = v(@n (@) |

1. Standard form: y”(x) + p(z)y' (x) + q(z)y(x) = g(x)

2. For yi(w), we know that y7'(z) + p()y1 () + ¢(x)y1(z) = g(2)

3. Define y(z) = v(z)y1(x) and substitute it into the DE, we first note that
Y =vy+oy
y" ="y +20'yy + oy

Hence
"y + (2y1 4 p(@)y)v + (1) + p(x)yy + q(z)y) v = g(x)
=0

where the dependent variable is mising, so we perform reduction of order: define v = w and so
" /

v =,
w'yr + (25 + p(@)y)w = g(x)
Solve the DE for w(x).
4. v =w(x), so v(z) = [w(z)dz + C,

5. The general solution to the DE is y(z) = v(x)y; ().

Example 3.20. Solve the DE:

2y +ay —y(x) =0

where y;(x) = .

Solution. Since one solution is already known, we use reduction of order. Let
y(x) = v(z)yi(z) = zv(2).
Then we know that

y =v+av,

y// — U/ + (U/ +xv//) — QU/ _’_xvll.
Substitute into the differential equation:

2220 + 2v") + z(v + 2v') — 2v =0,
2220 + 230" 4+ zv + 2% — 20 =0,

220" 4+ 322" = 0.
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For = # 0, divide by z2:
zv” 4+ 30 = 0.

Since the dependent variable v is missing, set w = v’. Then the equation becomes

xw + 3w =0,
which is separable. Hence

d 3

== dz,

w x

In|w| =-=3n|z|+ C,

In |wz?| = C.

Therefore,
C
wzd = Cy = = 9:731‘
So
v'(z) = G =Cz 3
x3 !
Integrating,

Rename the constant —% as C3. Then

v(z) = O3z~ 2 + Cy.
Finally,

y(z) = v(@) y1(2)
= (03$72 + Cg) x

- % +02l‘.
T

Thus the general solution is

C
y(z) = Coz + ?3 )
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Example 3.21. Solve the IVP:
22y" + zy + dy(x) = 5(x + 23), y(1)=0,9/(1)=0
Solution. This is a second-order linear differential equation with variable coefficients, so we write
y(z) = yn(@) + yp(@).
First, find the homogeneous solution yp,(z) from
22y + xy +4y(z) = 0.
This is a Cauchy-Euler equation with p =1 and g = 4. Let
r=e", u=Inz.

Then the equation becomes
y"(u) + (p— 1)y (u) + qy(u) = 0.

Substituting p = 1 and ¢ = 4 gives
y'(w) + (1 =1)y (u) +4y(u) =0 = y"(u) +4y(u) = 0.
Hence

yn(u) = 1 cos(2u) + c2 sin(2u).

yn(x) = 1 cos(2Inx) + ey sin(21n ).

For a particular solution, try
yp(z) = Az + Ba? + Cx + D.

Then

yp(z) = 3Az* 4+ 2Bz + C,
Yy, (z) = 6Az + 2B.

Substitute into the DE, we get
22(6Ax + 2B) 4+ x(342% + 2Bz + C) + 4(Az® + Ba® 4+ Cx + D) = 5(x + 2°).

The rest are easy.
Lecture 16 - Tuesday, March 03

An alternative solution is to work with transformed DE:

y" + 4y = 5z 4 5a® = He® + Hev
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where x = e*. We are working with y” 4+ 4y = 5e* + 5e3*. For homogeneous solution,
yn(x) = Cy cos(2u) + Cy sin(2u)

We then trial y,(u) = Ae® + Be3%, substituting into the transformed DE, we solve for A and B and obtain
that A =1, B =5/13. We then apply the initial conditions and get that C; = —18/13, Cy = —28/26 O

Exercise 3.2. Try the transformation y(z) = z" for a constant r in the previous example to find

the homogeneous solution, and then use the undertermined coefficient method to find a particular

solution.

3.6.2 Variation of Parameters

We start with the general form:

Here is our procedure:

1. Rewrite the DE in the standard form:
y' () + p(x)y (z) + q(2)y(z) = g(x)

2. Solve the homogeneous DE y”(z) + p(z)y'(z) + q(x)y(z) = 0, say the solution y(z) = Cry1(z) +
Caya(z).

3. Consider the solution

Yp(z) = w1 (z)y1(x) + ua(w)y2(x)

4. Substituting the solution y,(x) into the DE, the resulting DE can be rewritten as

uy () + p(@)y) + q(@)y1) +uz (y5 + p(@)ys + ¢(2)y2)
=0 =0

+ ufy1 + 2uhyy + uhya + 2uhyy + pla) (uiyr + upye) = g(x)

If we assume that ‘ uyy1 + usys =0 ‘, then

uiy1 + uhyy + ugye + ubys = (uiyr + ubye) =0

so we have

| uhyt + ubyh = (o) |

and solve for u; and us.
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Example 3.22. Solve the DE:

y" + dy(z) = sec(2z), Tea<l

Solution. We easily find the homogeneous solution:
yn(x) = Cy cos(2x) + Cy sin(2x)

Hence we trial

Yp(x) = u1(x) cos(2zx) + uz(x) sin(2z)

We try to solve the system of equations:

wjyr +uby2 =0 u} cos(2x) + uhsin(2x) =0
=
uiy] + ubyh = g(x) —2u] sin(2x) 4 2u), cos(2x) = sec(2x)
Solving for uy and uy we get ug = £ and u; = 1 In(cos(2z)).
3.6.3 A note for Boundary Value Problems (BVPs)

az(x)y" (z) + a1 (2)y' (x) + ao(x)y(z) = f(), y(zo) = yo,y(r1) = 11

Discovery 3.3. A BVP may have no solution, one solution, or so many solutions.

Example 3.23. Solve the DE subject to the BCs:

y" +7°y(x) =0

Solution. We find that the general solution is
y(x) = Cy cos(mz) + Co sin(nz)

For (a), we will find that there is no solution. For (b), we will find that C5 is a free parameter.
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4 Introduction to Laplace Transform (LT)

4.1 Definitions and Examples

Definition 4.1. [Laplace Transform)]

If f(¢) is defined for ¢ > 0, then the Laplace transform L{f(¢)} is defined as

F(s) = /000 e St f(t)dt

for all values of s such that the improper integral converges.

Example 4.1. Find LT of f(¢) = ¢ where ¢ is a constnat.
Solution. We have

F(s) = L{c} = /OOO e Stedt

u

=c lim e st dt
uU—r 00 0
. R
=c lim {—e st
U—00 S 0

1 1
=c { + lim eSt]

S u—oo 8§

which equals to ¢/s if s > 0.
Example 4.2. Find L{e“*} if a is a constant.

Solution. We have

F(s) = L{e*"} = / e Stet dt
0

= lim e~ (5=t qp

- lim [e*(sfo‘)t]u
0

—(5 — a) U—300

1 ,
= [1 — lim e_(é_“)“]
S — U—>00

which equals to 1/(s — ) if s > a.

Exercise 4.1. Show that L{t"} = -2 for s > 0.
Hint: Show that L{t} = % and L{t*} = %, this suggests using induction.

4.2 Properties of Laplace Transform
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Proposition 4.1. linearity of Laplace Transform

Suppose L{f(t)} = F(s), L{g(t)} = G(s), then we have

L{crf(t) +cag(t)} = e1 LLF ()} + e L{g()}
=1 F(s) + c2G(s).

Example 4.3. Can you find L{sin(bt)}, L£{cos(bt)}?

Solution. We know that e = cos(bt) + i sin(bt), so
L£{e™} = L{cos(bt)} + i L{sin(bt)}

Moreover, we know that

1
ponr L{cos(bt)} + i L{sin(bt)}
and
1 s+ib s n b
s—ib s+ib 2402 s2rpe
Hence L{cos(bt)} = > L{sin(bt)} = b

52 4 b2’ 52 402"
4.2.1 Shift Theorems

Theorem 4.1. First Shift Theorem
If L{f(t)} = F(s) exists for s > a > 0, then L{e*f(t)} = F(s —c¢) for s > c+a.

Example 4.4. Find £{e3!t?}.

Solution. We know that o1 )
Lty = ==

g2+1 3

Hence we know that 5
£{63tt2}:m’ 5§>3

Theorem 4.2. Second Shift Theorem

If L{f(t)} = F(s) exists for s > a > 0 and c is a positive constant, then L{H (t—c)f(t—c)} = e *°F(s),
0 t<O0

where H(t) = .
1 t>1
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Example 4.5. Let’s define f(t — ¢) = 1, and we know

1
=, s>0

S

L{1} =
From the above theorem, we know that
_ 1 _
L{H(t —c)l} =e *°L{1} = p s¢

Taking ¢ = 0 we get L{H(t)} = 1.

Theorem 4.3. AlternativeSecond Shift Theorem

We have
L{H({t—co)f(t)} =e*L{f(t+ )}, for s > a

Exercise 4.2. Prove the theorem using the integral definition of LT (Hint: take u = t—e¢, or t = u+c).

Example 4.6. Find £{f(£)} if £(t) = { g Z 2 2’2)).

Solution. We notice that
f(t)=t[H(t—0)— H(t—2)]

Hence
L{f@)} = L{tH(t)} — L{tH(t —2)}

=L{tH(t)} — L{tH(t —2) + 2H(t —2) —2H(t — 2)}
=L{tH(t)} — L{t—-2)H(t—2)} +2L{H(t—2)}

Recall the Second Shift Theorem, L{H(t — ¢)f(t — ¢)} = e~ “*F(s), so

L)Yy = e O Lft} — e @ Lt} + 275 {1}

1 —231 —231
=2 ;2—&-26 5

as desired.
Theorem 4.4. Derivative Theorem
If F(s) = L{f(t)} exists for s > a, then
1. F0)(s) = (1) L{E" £(£)} or;

2. L{"f()} = (—D)"F™(s) = (-1)"F
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Exercise 4.3. Let

F(o) = £Uf0) = [ e sy

Show that
dF

= —L{t ),

and, more generally, for any integer n > 1,

= (1 L{m (o)

Example 4.7. Find L{tcos(bt)}.

Solution. We know that AF dF
tf(t)} = (1) =— = ——
L0} = ()1 = -

and we also know that
s

E{COS(bt)} = m

so we can get that

d s b? — 52

as desired.

4.2.2 Laplace Transform of Derivatives

Proposition 4.2. If f(t) = O(e*) for some a and f'(t) is a piecewise continuous function and f(t)

is continuous on [0, r], then £{f’(¢)} exists and is

LI} = sL{F (D)} = £(0),  5>0

Proposition 4.3. If f(t) = O(e®) and f’(t) = O(e®") for some a, and f”(t) is a piecewise continuous
function and both f(t) and f’(¢) are continous on any interval [0, 7], then £{f"(¢)} exists and is

L{f" ()} = SL{f(B)} = s£(0) = f(0),  5>0

Example 4.8. Find L{y(t)} = Y (s), where y(t) is a solution to the following IVP:

y'(t) —y(t) =2te™",  y(0) =yo

Solution. Apply LT to both sides of the DE:

L{y (1)} — L{y(t)} = 2L{te”"}
(sY(s) = (0) = Y (s) = 2L{te™"}
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We know that £{t} = 1/s%, so from the First Shift Theorem

—tty _ _ 1
L{eT"}=F(s+1)= Gr1?
Hence 5
(sY(5) = 9(0)) = V() = (o
This gives us that
Yo

4.3 Inverse Laplace Transform
Lecture 18 - Tuesday, March 10

We need to know if a given F(s) will yield to a unique f().
Proposition 4.4. If fi(t) and f5(t) are continuous functions of exponential order e, then

[@t) # f2(t) = L{f1(0)} # L{f2(8)}-

Comment 4.1. As a result of the above proposition, the Laplace transform is a one-to-one operator

and has an inverse operator £~!, which maps the Laplace transform F(s) onto the original function

f@).
Note 4.1. The L~! (inverse Laplace transform) is also a linear operator:
,Cil{ClFl(S) + CQFQ(S)} = ,Cil{ClFl(S)} + Lil{CQFQ(S)}

= c1f1(t) + cafa(?)

Example 4.9. We compute the inverse Laplace transform of

1
2425+ 10

Solution. First recall the basic Laplace transform formulas

1 n!

—1 _ ny __
R E S

Also recall the shift property
L{ef(t)} = F(s — a).

We begin by completing the square in the denominator:
2 4+254+10=(s+1)* +9=(s+1)* + 32
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Thus ) )
LY =L %
{32+2s+10} {(s+1)2+32}
To match a standard Laplace transform formula, rewrite the expression as

1 1 3
(s+1)2+32 3 (s+1)2+3%

Recall the known transform

. 3
E{Sln(3t>} = m

Using the shift property,
3

L N

£t { 1} = %e*t sin(3t).

Therefore

s24+2s+10

Exercise 4.4. Show that
o L R S D B A
{s2+5s+6} (s +2)(s+3)

4.4 Solving Initial Value Problems with Laplace Transform

1. Apply the Laplace transform to both sides of the differential equation, and use the table for

Laplace transforms of functions and derivatives.
2. Substitute the initial conditions.
3. Rearrange the terms and solve for Y(s).

4. Take the inverse Laplace transform to find y(t), where y(t) = L71{Y (s)}.

Example 4.10. Solve the following IVP:

y —y=2e"t, y0)=1

Solution. 1)
Ly —y} = L{2te”"}

Using linearity of the Laplace transform,

L{y'} — L{y} = 2L{te”"}

1
sY(s) —y(0) = Y(s) = QW

72



2) Substitute the initial condition y(0) = 1:

sY(s)—1-Y(s) = ﬁ
Y(s)(s—1)=1+ e —31)2
1 2
s—1 (s—=1)(s+1)2

4) Now take the inverse Laplace transform.

Use partial fractions:

Solving gives

Thus

y(t) = El{s !

y(t) = L7HY (5)}

SR P ST e e

1}+2£1{2(

Using the inverse Laplace table (see Appendix B):

we obtain

as desired.

s—1) 2(s+1)

Solving IVPs with Discontinuous Input

where g(t) = H (t

—

2

Example 4.11. Solve the following IVP:

y' + 3y + 2y = g(2),

) sin(t).
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Solution. 1)
L{y"}+3L{y'} + 2L{y} = L{H(t — §)sint}

2), 3) Using Laplace transforms of derivatives,
52V (s) — sy(0) — 4/ (0) 4+ 3(sY (s) — y(0)) +2Y (s) = e~ 2°L{cost}
Using the initial conditions y(0) =1, y/'(0) = —1,

(82 +35+2)Y(s) —s+1-3= S L

s2+1
Thus 549 ) 5
Yo =i T T Ei 1819

Factor the quadratic

2 4+3s+2=(s+1)(s+2)
SO

s+ 2 =z s

YO =619 T Fre 0612

4) Take the inverse Laplace transform.

R (e e AL G e e o)

s+2 1

(s+1)(s+2) s+1°

Since

we obtain

Next perform partial fractions:

s _ As+B C D

F i) 12 #2410 Ts+1 st2

Solving gives

Thus

Using the shift property
L7He F(s)y = H(t —¢)f(t —c),
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we obtain

y(t) = e+ %H(t - g) cos(t - g) + 1%[{@ _ g) sin(t _ g)

1 T x 2 T x
—fH(t——) ~(t=%) —H(t——) —2(t-%)
2 5)¢ Ty 2)¢ 7

Factoring H(t — %) gives

1 3 1 = 2 7r
y(t) =e '+ H(t - g) LO sint — 0 cost — 56_(t_7) + 56_2(t_2):|

Laplace Transform of a Periodic Function with Jump Discontinuities

Theorem 4.5.
Suppose
fE+nT) = f(2), n=1,23,...

For a periodic function with period 7', the Laplace transform is

E{f(t)} _ [’{fl(t)}

1—esT

where f1(t) is the function over one cycle (one period) of the periodic function.

i i 1 2na<t<(2n+1)a
Example 4.12. Find the LP for function f(t) = for n € Z. Note
0 2n+Da<t<2(n+1)a

that f is a periodic function with period of 2a.

Solution. We start by noting that

H(t)=WH@) - H(t = a)] + (=1)[H(t — a) = H(t — 2a)]
=H(t)—2H(t—a)+ H(t — 2a)

Hence

L{N(0)} = LLH ()} — 2L{H(t — a)} + L{H(t — 2a)}

1 208 6720,5
+

S S S
1

—_ *(1—26_(15-1-6_2&5)
S
1

= 2(1—¢e 98 2
“(1-e7)
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For a periodic function with period T = 2a,

_L{am)y s —em)?

1— efsT 1— 672118

L{f(®)}

We also know that
1— €—2as _ (1 _ e—as;)(l + e—as)

SO
11— e
LU0y = s
as desired.
Solving I'VPs with Impulse Input
Definition 4.2. [Dirac Delta Function]

The Dirac delta function §(t) is defined by

0(t)=0 fort#0

/Zé(t)dt:l.

Discovery 4.1. Dirac Delta function satisfies the sifting property

and

[%f@ﬁ@—aﬁh=fW)

Note 4.2. We have

L£{6(t)} =1, L{5t—a)}=e"*a>0
L{o(E —a)f(D)} = e” " f(a)

Example 4.13. Consider the motion of a simple pendulum with no damping and natural frequency
wo = 1. The pendulum is initially at rest with y(0) = 1, and is given a kick at ¢t = 7 by an impulse
of magnitude A per unit mass.

Find the response of the system to this input.

Solution.

™ !
y ey =A40(t-3), w0 =1, ¥0)=0, w?=1
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Thus we have

Ly} + Lyt =L {A5 (t - g) }

s2Y (s) — sy(0) — ¢/ (0) + Y (s) = Ae %¢

Substitute the initial conditions:

$2Y (s) — s+ Y(s) = Ae”3°
(2 +1)Y(s) — s = Ae”%°

S _rg
Y(S): m‘i’Ae 2

Taking the inverse Laplace transform:

Using

and the shift property,

we obtain

Since

the response simplifies to

as desired.

4.5 Convolution

Definition 4.3.

| S -1) —Zs
y(t) =L {52+1}+A£ {e 211

1 s 1 1
7 Y~ cost
L {S2+1} cost, L {32—1—1

S

} =sint,

2+

L He ™ F(s)} = H(t —a)f(t — a),

y(t) = cost+AH(t— z) sin(t - =

-

2

i (t W) ¢
sin(t — = ) = —cost,
2

2

y(t) :cost—AH(t— g) cost |.

[Convolution)]

For any functions f(¢) and g(¢) that are piecewise continuous on 0 < ¢ < T, the convolution is

(f *g)(t) = / f(t = r)g(r) dr

Proposition 4.5. For f(t) and g(t), we have

(fxg)®) = (g% )
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Theorem 4.6. Convolution Theorem

If L{f(t)} = F(s), L{g(t)} = G(s) both exist for all s > a > 0, then
F(s)G(s) = L{(f * 9)(8)},
LTHF(s)G(s)} = (f * 9)(1).

Example 4.14. Use the convolution theorem to find the inverse Laplace transform

{mw)

Solution. We first factor the expression as a product:

1 1 1
Y P R (R N
£ {82(82+1)} £ {52 82—4-1}'

1 1

Then by the convolution theorem, L= F(s)G(s)} = (f * g)(t), where

Let

o= crey = {5 f =,

and

9(t) = LG (s)} = E‘l{SQ 1+ 1} — sint.

Therefore,

_ 1 .
r 1{32(52+1)} (f xg)(t /ft—’?' dT—/O(t—T)sdeT.

We evaluate this integral by integration by parts. Take
u=t—r, dv =sinTdr.

Then

du = —dr, U = — COST.

t t
— vdu
0 0
P t
— cos 7 dT.
0 0

Hence,

I =uv

—(t—T)cosT
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Now evaluate each term separately. For the boundary term,
t
—(t—1) COST’ = —[(t —t)cost — (t — 0) cos0] = ¢.

Also,
t t
/ cosTdr = sinT’ =sint.
0 0
So
I =1t—sint.
Therefore,
1
L7 —— L —¢—sint|
Car]
as desired.

Exercise 4.5. Use partial fraction decomposition to find
1
LT ———— b
{§w+n}

4.6 Laplace Transform of Integral

We begin with the observation that convolving a function with the constant function 1 gives its integral:

(f*l)(t):(l*f)(t):/o (Uf(T)dT:/O f(r)dr.

Define .
1) = [ f)dr
0
Then, by the Fundamental Theorem of Calculus,

I4(t) = f(t).
Now take Laplace transforms on both sides:
L{Ip ()} = L{f (1)}
Using the differentiation formula for Laplace transforms,
L{IF()} = s L{I; ()} — I;(0).

Since o
10) = [ frydr=o.
0
we get

s L{Ip ()} = LLf(D)}-
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Therefore,
LI (0} = £{F (1)
If we write
F(s) = L{f(1)},
then this becomes ]
LI (0} = F(s)

Taking inverse Laplace transforms gives

s
Now let 1
G(s) = ~.
(5) =~

Then

LTHE(s)} = f(t),  LTHG(s)}=1.

By the convolution theorem,

Since g(t) = 1, we obtain
(o= Nl = 10O = [ f(ear

Hence,

[ == e

Example 4.15. Solve the integral equation
t
y(t) =t+ / sin(t — 2) y(z) dz.
0
Solution. The integral term is a convolution, since

(Fea)t) = [ ft=2)a(c) =
Taking
f@t)=sint,  g(t) =y(t),
we get t
/0 sin(t — 2) y(z) dz = (sin*y)(2).
So the equation becomes

y(t) =t + (sinx*y)(¢).
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Let
Y(s) = L{y(1)}.

Taking Laplace transforms gives

Y (s) = L{t} + L{(sin*y)(¢)}.

Using
1 . 1
E{t} = ?, E{Slnt} = m,
and the convolution theorem,
. . 1
L{(sing) (0} = L{sinth LD} = 1Y),
we obtain
Y(s) = = + ¥ (s)
y s2 0 s241 §
Now solve for Y(s):
1 1
Y(s) — ==
() = g Y (s =
SO .
= ) Y(s) = —
< s+ 1> (s) 52
Since
I s?
241 s241°
it follows that
52 Y(s) = 1
s2+1 =

and hence

Taking inverse Laplace transforms term by term,

EPEUS RIS R B
- { L e L)oot

Therefore,
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5 System of Ordinary Differential Equations

Definition 5.1. [System of]
An n-dimensional system of ODEs is a set of n equations for n unknown functions (n dependent

variables) of one independent variable.

Definition 5.2. [Order (SDE)]

The order of the SDE is the order of the highest derivative appearing in the system.

Definition 5.3. [Linearity (SDE)]

The SDE is linear if all equations are linear; otherwise, the SDE is nonlinear.

Theorem 5.1.

Any higher-order ODE can be expressed as an equivalent system of first-order ODEs.

Consider the n-th order ODE
y"(x) = fz,y.y, .y,

Define new variables by

/ " — y(n—l)_

=Y, Y2 =Y, y3s =y, ceey Yn
Then
v =y =y,
ys =y =ys,
ys =y" = s,
Y1 =y =y,
and

(n)

y;z, =Y = f(xayay/a s ay(nil)) = f(‘T,ylayQa s ayn)'

Hence the original n-th order ODE is equivalent to the first-order system

=1y, yi = Y2,
Yo =1y, Yo = Y3,
ys =" =
Yn_1 =Y
n—1 — Yn,
Yy =y Y = F(Z, Y1, Y2, Yn)-
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General form of a system of differential equations (SDE) with n equations:
y1 = an(@)yr + -+ arn(@)yn + Fi(2),

ylz = a21(I)y1 + -+ a2n('r)y7l + FQ(‘x)’

In vector form,

Example 5.1. Consider the SDE:

d
—=av+by+f(t),  wlt) =,

di; =cx +dy + g(t), y(to) = vo-

1. Write the IVP as a vector DE.
2. Convert the SDE into a 2nd-order DE.
Solution.

1. Let

—

Hence, X (t) = AX(t) + F(t).
2. From equation (1),

¥ =ar+by+ ft) = y:%x’—%x—%f(t).

Differentiating to obtain g/, then substitute into equation (2), we get,

1, a, 1 a 1

/ _ 1/,, I
g:c ba:bf(t)cz+d<bx b$ bf(t)>+9(t)'

Multiplying by b, we get

2" — (a+d)z’ + (ad — be)x = f/(t) — df (t) + bg(t).
This is a linear 2nd-order DE with constant coefficients. So we first solve for z(¢), then return
to the system to find y(¢):

1, a 1

Thus we obtain the two solutions z(t) and y(t) for the system.
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Example 5.2. Use the method of elimination to solve the SDE:

'+ 2z —y = 4t, (1)
y—6r+y=0, (2

From equation (2), we have y' = 6z — y.

Solution. Add equations (1) and (2):
' —dx +y =4,

S0

y =4t — 2’ + 4x.
From

' =dx —y+4t,

differentiate to get

/

2" =42’ —y +4.

Using
y =6x—y
and
y =4t — 2’ + 4z,
we obtain
2" =42’ — (6z — (4t — 2’ + 4z)) + 4.
Hence,

2 — 3z’ + 2x = 4t + 4.

This is a linear 2nd-order DE with constant coefficients. Solving for z(t), we get
x(t) = c1e® + coel + 2t +5.

Now find y(¢) from
y =4t — 2’ + 4x.

Substituting z(t) and z'(t), we get

y(t) = 2c1e* 4 3cqet 4 12t + 18.

5.1 Theory of linear SDEs

Any n-th order ODE can be rewritten as an n-dimensional system of first-order ODEs.
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Theorem 5.2. Existence and Uniqueness (E/U) Theorem.

Consider the vector IVP
¥'(z) = A(2)g(z) + F(z),  §(z0) = Jo.

Suppose A(z) and F(z) are continuous on an open interval I, and zg € I. Then for any vector

Yo € R™, the vector IVP has a unique solution on I.

Theorem 5.3.

If 4(x) is a solution to the homogeneous vector DE
7' (x) = Ay(x) on I,
and 9(z) is a solution to the inhomogeneous vector DE
§'(z) = Af(z) + F(z) on I,

then

is a solution of

Proof. Let
ylz) = i(z) + v(z)
Then
§'(x) = @' (x) + ' (2)
Since
i'(z) = Ai(z),  ¥'(z) = A¥(z) + F(x),
we get
§'(x) = Ati(z) + AT(z) + F(z) = A(d(z) + 0(x)) + F(z).

Hence

j' () = Ag(x) + F(x).

So ¢(x) satisfies the inhomogeneous vector DE, and it is called the general solution of the vector DE.
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5.1.1 Principle of Superpositions

Theorem 5.4. Principle of Superposition

If 41,95, . .., 4y, are solutions of the homogeneous vector DE

y'(x) = Ayj()

on an interval I, then
§(z) = c1fi + cafz + -+ + ol

is also a solution on [ for any constants

C1,C2,...,Cp.

Definition 5.4. [Linear Independence]

The set of vector functions

Y1,Y2,- -, Yn

is linearly independent on I if
a1t + aofp + -+ anf, =0 forallz el

implies

a1:a2:...:an:0.

Otherwise, they are linearly dependent.

5.1.2 Wronskian and Linearly Independent Solutions

Lecture 20 - Tuesday, March 17

Proposition 5.1. Wronskian Proposition

Let A(z) be a continuous function I — R™ ™. Let Y:,Ys,...,Y, be solutions of the homogeneous

equation
.

Y'(z) = A(z)Y(z)  on I

Then }71, }é, ... ,}7” are linearly independent on [ if and only if
WY1, Ya,...,Y,] #0,

that is,

#0 for all x € I.
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Theorem 5.5. Abel’s Formula

Suppose the conditions of the E/U theorem are satisfied and )71,)72, e ,?n are the solutions to the
homogeneous DE
Y'(z) = AY (2) on I.

Then for any xg € I, the Wronskian of these functions satisfies

WIFTs,..., Val(@) = W(wo) exp(— /m tr(A(s)) ds) .

0

Suppose that A(z) is an n x n matrix function and continuous on I. To solve the system of linear 1st
order ODEs

—

Y'(z) = A(z)Y (z) + F(z) onl,
proceed as follows:

1. Find n linearly independent homogeneous solutions
}717?27“'7}777,

to the homogeneous equation

Then
Yi(z) = a1 Yri(z) + Yo (x) + -+ + e, Yo (2),
where ¢y, ca, ..., c, are arbitrary constants.

2. Find a particular solution }7;, () to the inhomogeneous vector DE

—

Y'(z) = A(2)Y (z) + F(z).

3. The general solution is

i.e.
}7(93) = Cl?l(x) + 02?2($) +-+ Cn?n(x) + 1_}p(x)'

5.2 Solving homogeneous vector DEs with constant coefficients

Consider

—

Y'(z) = AY (2),

where A is an n X n constant matrix.
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Discovery 5.1. Recall from ODEs: if
2/ (t) = ax(t),

then the solution is

If we try

then
Y'(z) = A7 e,

Here the n-dimensional vector ¥ and constant A need to be determined. Substituting into the vector DE:
LHS: Y'(z) = A\7e™,  RHS: A7) = (A7),

So

Since e #£ 0, we get

M = AT,
or equivalently
(A= A7 =0.
To have a nontrivial solution, we must have
\det(A — ) =0, \

which is the characteristic equation.

Note 5.1. We will have a nontrivial solution if A is the eigenvalue and v is the corresponding eigen-
vector for the solution.
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Theorem 5.6.

Suppose A is a 2 x 2 constant matrix and has eigenvalues A\; and \o. We have 3 cases:

1. A1 # Ao, real distinct eigenvalues.

Then there are two linearly independent eigenvectors v; and v, and

2. A1 = Ay = )\, repeated eigenvalue.

Then one solution is

For a second solution,

where W satisfies
(A= Xw =7.

Hence

—

Yi(x) = 10 + o™ (27 + ).

3. M1 =a+1i8, A2 = a — i, complex eigenvalues.

If

—

Up = U + i, 0 = U — i,

then we will see the solution to this case in an example.

Example 5.3. Solve the system of equations:

y'(t) =2z +y.
Let
= x(t) P EAO)
6= th)] 2= L/(t)]

so we have

Solution.

89



The characteristic equation is

2—A 3
det(A — M) = ) )\:(2—/\)(1—/\)—6:)\2—3/\—4:0.
Hence
A=4)(A+1)=0,
so the eigenvalues are
A =4, Ao =—1
For \y =4,
A_ar— |72 3 ,
2 -3

so an eigenvector is )

L3

1=,
For Ay = —1, _
Avi=? ﬂ |
2 2

so an eigenvector is

. 1

Ug = .

S |
Therefore the general solution is

- 3 1] _
X(t)=a lz et 4 ey _1] et

Equivalently,

Example 5.4. Solve

y'(t) = =3z — 4y.

Solution. Let

S t = —» -2 1

=", Fw-axw. A- .

y(t) -3 —4
The characteristic equation is
—2-A 1 9
det(A — \I) = 5 A )\:(—2—/\)(—4—>\)+3:>\ +6A+11=0.
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Hence
_ —6+v36—-44
I E——

A -3+

For \; = —3 + i, solve (A — A\ [)7 = 0:

) 1—1 1
A(3+z)]—[_3 —l—i]'

An eigenvector is

R 1 1 iy 0
U= = i
-1+ -1 1
Thus
Xo(t) = (30t = =3 (cos t + i sin t) (@ + i),
where

[l

Taking real and imaginary parts gives two real solutions:

— —

X1(t) = e 3 (cost —wsint), Xo(t) = e (dsint + wWcost).

=)
cost | .

Therefore the general solution is

o 1 1
X(t)= cre 3t <[ 1] cost — [(1)] sint) + e 3t ([ 1] sint +

z(t) = e *(cy cost + cpsint),

Equivalently,

y(t) = e > ((—c1 4 c2) cost — (¢ + c2)sint).

Note 5.2. If we use Ay = —3 — iv/2 and find @, the real parts of the solution will be the same as
Aq(t), Aa(t).

Exercise 5.1. Show that you find the same A (t) and Ay (t) using Ay = —3 — iv/2.

Example 5.5. Solve

- 4 1 5
Y'(z) = Y(z).
@) [_1 | 7@
Solution. Let
= 4 1
-1 2
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First find the eigenvalues:
4— ) 1

det(A— M) =0 =
1 2-2)

=0.

So
4-N2-MN+1=0

which gives
M—-6A+9=0 = (A-3)2=0.

Hence
A1 = A =3.

Now find an eigenvector for A = 3:

(4-si=T — [1 1“][@]
-1 -1 (%] 0

v F+ve=0 — vy=—v.

Thus

Choose v; =1, so

Therefore one solution is

For a second solution, use

where w0 satisfies

So

This gives

Choose wy =0, ws =1, so

Hence
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Therefore the general solution is

Question 5.1.

How to find }7;,(33)?

Special case: If F(z) = b, a constant vector, then

The general solution is

So a particular solution is

Y,=—-A""b
Example 5.6. Solve the IVP:
dD
o = 80—4p(t), D(0) =10,
d,
P _ D) - 100, p(0) =20
dt
Solution. Rewrite the system as
dD
i 0-D(t) —4p(t) + 80,
D _ D)+ 0 p(t) — 100.
dt
Let
- D(t - 80 = 70
v ="V Fo-| P vo-
p(t) —100 20
Also let

Then the system becomes
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Exercise 5.2. Show that

5.2.1 TUndetermined Coefficients

Lecture 21 - Thursday, March 19

If all components of F(z) are suitable for the method of undetermined coefficients, = we can use
this method.

Example 5.7. If

then the form for undetermined coefficients is
Asinz + Beosz + Cx + D + Ee?®.

Hence we try
A sinz + By cosx + Ciz + Dy + E e

Y,(z) =
»(@) Assinx 4+ By cosz + Cox + Doy + Eqe?®

Then substitute into the vector DE to determine these constants.

Exercise 5.3. Solve the IVP:

dD

2 80— 4p(t), D(0) = 70,
dt

d

dlt) = D(t) — 100, p(0) = 20.

using the method of undertermined coefficients.

Example 5.8. Solve

Solution. Trial solution:

Substituting into the DE:




Since

1 1 e 2t
7'(t) = Z(t) + ,
() L 2] 0+,
we get
—2A,e % + Byet 1 Aje %t + Byet e 2
—2A5e72 4+ Boel| |4 —2| | Age=2t + Byet —2t |’
That is,
—2A16_2t + Blet (Al + Ay + 1)6_2t + (B]_ + Bg)et
—245e7% 4 Boel | |(4A; — 245)e 2t 4+ (4By — 2By — 2)et |
So
—2A16_2t + Blet = (Al + Ay + 1)6_2t + (Bl + Bz)et,
—2A26_2t + Bget = (4A1 — 2A2)€_2t + (431 — 2By — 2)6t.
Hence 1
BQZO, 141207 AQ——L B1:§
Therefore
t) Ae? + Byet 0+ e et
x = = .
P Ase™?' 4+ Byel —1-e72t 40 —e~2
The general solution is
T(t) = Tn(t) + Tp(1),
that is,
1 1 Let
ot -3t 2
Z(t) = cre ) + cqe 4 + th]
as desired.

5.2.2 Variation of Parameters

Suppose the problem is of the form:

1. Find the homogeneous solution to the homogeneous vector system
T'(t) = AZ(t).

Then

2. For a particular solution, let
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3. Substitute into the DE:

Since }71, must satisfy

we get

Using

V(1) = AYi(t),  Yj(t) = AYa(t),

this becomes

—

Wy (Y1 (1) + Aug (Y1 () 4+ uh(£)Ya(t) + Aug(t)Ya(t) = Aug (£)Y1 () + Aug(t)Ya(t) + F(t).

Cancelling the matching terms gives

ul (8 Y1 (t) + ub () Ya(t) = F(t) |

We are looking for u; (¢) and ugz(t) that satisfy this condition.

This way, we obtain }7;7(25), so the general solution is

Example 5.9. Solve

Proof. Exercise: show that

. 1] [—2
Yi(t) = N + coe™ ] .

To find Y, (¢),

1
Solve
Uy ()Y + ub(t)Ys = F(t)
Thus
1
) -
u) + uhe ot lll = t2
5+ n
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So

Now compute 2(1) — (2):

Hence

Using (1),

Therefore

So

Thus

The general solution is

that is,

Exercise 5.4. Solve

1
u) — 2ube %t = 7 (1)
2
2uf + uhe 5t =5+ T (2)
2
—Sube ™ == 5 — = -5

(a) using the method of variation of parameters.

(b) using the method of undetermined coefficients

Y,(t) = (In|t| +2t) | | + ée“ —ot l_f] .
1 1|-2
Vo(t) = (nft|+2) || + = 1].
Y (t) = Ya(t) + Yo (8),
+ cpe™ P! + (Int|+2t) | | +
~ 2 1| = 0
Y'(t) = Y(t :
=[5 Jro+ 2]
= Alet
Y, (t) = .
( p( ) Aget )
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5.2.3 Solving Syste of Equations using Laplace Transform

Example 5.10. Solve

2 (t) + 221 (t) — x2(t) = 0,
xh (t) — x1(t) + 222(t) = 0,

with ICs:

Solution. Apply LT to the SDE:

L{z} +2L{z1} — L{z2} =0,

Let
Xi(s) = L{z1 (D)},  Xa(s) = L{z2(t)}.

Using
L{z{(t)} = s*Xi(s) — s4(0) — z(0),

and the initial conditions
we get
Hence

Solving this system gives

1 1
L e M AR
Now take inverse Laplace transforms:
1 1
_ -1 _ -1
0= g f = )

Since

V3 V3
s2+ (V3?2 $2+3

98



we have

Therefore

5.2.4 Solving Vector Differential Equations using Laplace Transform

Proposition 5.2. For a vector-valued function with derivative

if L{z1(t)} and L{z5(t)} exist, then

L{Z'(t)} = s L{Z(t)} — Z(0).
Proposition 5.3. If A is a constant matrix and £{Z(t)} exists, then

L{AZ(t)} = AL{Z(D)}.

Procedure:

F(t) = AF@W),  #0)
1. Apply LT to both sides of the vector DE:

a.

L{z'(t)} = L{AZ(1)} = AL{Z(D)}.

Hence
Since Z(0) = d, we get

2. Assuming (sI — A) is invertible, we can solve for

X(s) = (sI — A)~'a.

3. Take the inverse LT to find Z(t).
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Example 5.11. Use LT to solve the IVP:

We need to find

Let )
B=(sI—A)= s 0 _ -4 1] |s+4 -1
B o s —2 —1| | 2  s+1|’
If
B_ a bl’
c d
then
1 d -b
Bl = )
det(B) |—c a]
Thus
B 1 s+1 1
s+ 42| -2 s+4|]
Since
(s+4)(s+1)+2=(s+2)(s+3),
we get
s+1 1
B-1_ (s+2)(s+3) (s+2)(s+3)
B -2 s+4
(s+2)(s+3) (s+2)(s+3)
Hence
s+ 1 1 s+ 1
X"()* (s4+2)(s+3) (s+2)(s+3)| (1| |(s+2)(s+3)
)= -2 s+4 ol = —2
(s+2)(s+3) (s+2)(s+3) (s+2)(s +3)
Therefore

o079

#(1) = £ (X (5)) = )
£ {(s+2)(s—|—3)}

Partial fraction decomposition:

-1 s+1 N s+1 A n B
(s+2)(s+3) (s+2)(s+3) s+2 s+3’
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SO

Thus
x1(t) = —L’_l{ +2} —|—2£_1{S+3} = —e 2 4 277,
Also,
—2 -2 A B
=14 — = = - ’
rall) = £ {(8+2)(8+3)} (s+2)(s+3) st2  s+3
SO
A = —27 B = 2
Hence . X
x2(t) = _25_1{8 i 2} + 2£_1{S+3} = _—2¢72% + 2¢ 3
Theref
erefore . g
2(1) — _
2o xo(t) —2e7 2t 4 2¢73¢

X9 (t)
A
(8t) z'(t) = AZ(t)
4 (t) B 21 (t)
Z(t) = lxz(t)l

> xl(t)

Isoclines:
{ vertical isocline (VI) 24 (t) =0,

horizontal isocline (HI) xh(t) = 0.

Vector DE:
) (t) _ |an e x1(t)
x’z(t) a1 a2 xg(t)
{ 2, (8) = ane (t) + a1awa(t),

x (t) = aglxl(t) + aggxg(t).

Lecture 22 - Tuesday, March 24
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The goal of this lecture is to understand the phase portrait (or direction field) of a 2 x 2 linear
system. Rather than solving only for formulas, we want to understand the geometry of the solutions in the

r1To-plane.

Example 5.12. Solve

0 +wi0=0, 0=00), w= %
Proof. Introduce
T = 9, To = 9’
Then
y =0 =1, 1y =0" = —wif = —wix;.

So the system becomes

x) = xa,

rh = —wir

Equivalently,

Isoclines. The vertical isocline is given by
i =0 < 25 =0.

The horizontal isocline is given by
Ty =0 <= x1 =0.
Direction of motion on the axes.

e If 2o =0 and x; > 0, then

rh = —wiry <0,
so the arrows point downward.

e If zo =0 and z; < 0, then

rh = —wizy >0,
so the arrows point upward.

e If zy =0 and x5 > 0, then

Ty =39 >0,
so the arrows point to the right.

e If 2y =0 and x5 < 0, then
Ty =19 <0,

so the arrows point to the left.
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Direction in the four quadrants.
o At (1,1), we have ] > 0 and x5 < 0, so the motion is right and down.
o At (1,-1), we have 2§ < 0 and ), < 0, so the motion is left and down.
o At (—1,—1), we have 2{ < 0 and 2/, > 0, so the motion is left and up.
o At (—1,1), we have 2] > 0 and z}, > 0, so the motion is right and up.

Hence the trajectories circulate around the origin. Since this is an undamped system, the origin is
not attracting or repelling: solutions move on closed curves around the equilibrium. Thus the origin is a

center. O

Example 5.13. Consider
2" + 2¢woz’ + wiz =0, wo = 1.

For the overdamped case in the notes, ( = %, so the equation becomes

5
2 + O +z=
2
Solution. Let
I =@, ro = l’/.
Then 5
) = w9, xézm"——x—gx’:—xl—ixz.
So
x) = xo,
! 5
Ty = —T1 — §$2,
or
0 1
Z'(t) = 5 | Z(t)
-1 -4

General solution. The characteristic equation is
2 5
A%+ 5)\ +1=0.

Its roots are

Thus the eigenvalues are real, negative, and distinct. The corresponding eigenvectors may be taken as

[ [y

Hence the general solution is




Exceptional solutions. The special straight-line solutions are obtained by setting one coefficient equal

to zero.

which is the equilibrium solution.
If co =0 and ¢; # 0, then

which lies on the line

If ¢; =0 and ¢5 # 0, then

which lies on the line

Ty = —21}1.
These are called the exceptional solutions. They are important because they organize the shape of

the phase portrait.

Asymptotic behavior. Ast — 0o, both exponentials decay to 0, so
Z(t) — 0.

Therefore the equilibrium at the origin is asymptotically stable.

—2t

Also, since e~ */2 decays more slowly than e~2!, the term involving e~*/? dominates for large t.

Therefore most trajectories approach the origin tangent to the line

1
T = _5‘7}1.

This line is the attracting orbit.

Isoclines. We compute:

so the vertical isocline is

Also,
, 5 2
Ty =0 <= —x1—§x2:O = xgz—gazl.
So the horizontal isocline is

xI1.

2
1'2:73

Direction of motion.
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e Along x5 = 0:
Th = —11.

So if 1 > 0, arrows point downward; if 1 < 0, arrows point upward.

e Along 25 = fgxlz

, 2
T =T = ——-T1.

5

So if 1 > 0, arrows point left; if ;1 < 0, arrows point right.

By checking sample points in each region, we obtain the direction field and conclude that all nonzero

solutions move toward the origin, forming a stable node.

Example 5.14. Now consider

In coordinates,

T, = —x1 + T2,
xh = —x1 — xo.
Solution. The matrix has eigenvalues
A=—-1+i.

Thus the real part is negative, so we expect solutions to spiral inward toward the origin.

General solution. A real-valued form of the solution is

cost
Z(t) = cre! [ . 1 + coe”
—sint

This can also be written in amplitude-phase form as

¢ |sint
cost|

cos(t — @)
—sin(t — @) |’

R=\/c?+¢3, c¢1 = Rcos ¢, co = Rsin ¢.

Z(t) = Re™!

where

O

Interpretation. The factor e~* shrinks the magnitude to 0, while the sine and cosine terms produce

rotation. Therefore trajectories spiral inward. The origin is again asymptotically stable, but this time it is

a spiral sink rather than a node.

Exceptional solutions. Unlike the real-eigenvalue case, there are no nontrivial straight-line orbits here.

The only equilibrium solution is
Z(t) = 0.
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Isoclines. From

—T1 — T2,

8
S
|
ok
|

—x1 + X9, x

we get:

)=0 <= —x1+12=0 & 19 = 17,

so the vertical isocline is

Xro = T1.
Also,
/
Ty =0 <= —21 —22=0 < z92 = —1q,
so the horizontal isocline is
To = —X1.
Direction on the isoclines.
o Along x9 = x1, we have
Th=—x1 — To = —277.

Thus if z; > 0, arrows point downward; if 1 < 0, arrows point upward.

e Along x5 = —x1, we have

) = —x1 + 19 = —2771.
Thus if z1 > 0, arrows point left; if 21 < 0, arrows point right.

Checking sample points in each of the four regions shows the rotational behavior. Because the real

part of the eigenvalues is negative, the spirals move inward as t — oc.

Final picture. We now see the three main geometric behaviors appearing in these examples:

o Purely imaginary eigenvalues: closed orbits around the origin (center).
» Real negative eigenvalues: trajectories move directly toward the origin (stable node).

» Complex eigenvalues with negative real part: trajectories spiral into the origin (spiral sink).

So the phase portrait is determined not only by the differential equation itself, but especially by
the eigenvalues and eigenvectors of the coefficient matrix. The isoclines help us determine the direction of

motion locally, while the eigenstructure explains the global shape of the trajectories. O

Lecture 23 - Thursday, March 26

Example 5.15. Consider
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Solution. Step 1: general solution. From the notes, one finds that
-1
+ cpett .

M=-2  A=4

Z(t) = cre™?

So the eigenvalues are

These are real and distinct, and since one is negative while the other is positive, we expect a saddle point.
Step 2: exceptional solutions. There are three special cases.
If

0120220,

then

which is the equilibrium solution.
If

then

so the trajectory lies on the line

Xo = 1.

This is a straight-line solution.
If

then

so the trajectory lies on the line

To = —X7.

This is the other straight-line solution.
Step 3: stability. Ast — 0o, the term e~2! decays to 0, while the term e*' grows without bound. Therefore,
unless co = 0, the solution moves away from the origin. So the origin is unstable. More precisely, since one

eigenvalue is negative and the other is positive, the origin is a
saddle critical point.

The line

is the stable direction, while the line

X9 = —I1
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is the unstable direction.
Step 4: isoclines. Write the system as

] =21 — 372,

xh = =321 + 2.
The vertical isocline is defined by
xy = 0.
Thus L
1 — 32 =0 — x2:§x1.
The horizontal isocline is defined by
xh = 0.
Thus

—3r14+2o=0 — x9=3x1.

So the isoclines are )
VI: To = g.’El, HI: To — 3:]]1.

Step 5: direction in each region. To determine the direction of the arrows, we check the sign of 2} and
Along

To = 3%1,

we have x}, = 0, so the arrows are horizontal. For example, at (1, 3),
r]=1-9=-8<0,

so the arrows point left. At (—1,—3),
@) =-1+9=8>0,

so the arrows point right.

Along

1
T = gmla

we have 2] = 0, so the arrows are vertical. For example, at (1, %),

1 8
so the arrows point downward. At (—1, f%),
1
Ty = 3— g = g > 07

so the arrows point upward.

Now choose one test point in each region:
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At (2,3),
317'1:2—92—7<O7 x'2:—6—|—3=—3<0,

so the arrows point left and down.
At (2,-3),
) =24+9=11>0, rh=-6-3=-9<0,

so the arrows point right and down.
At (—2,-3),
rp=-249=7>0, xh=6-3=3>0,

so the arrows point right and up.
At (-2,3),
rh=-2-9=-11<0, zh=6+3=9>0,

so the arrows point left and up.
Putting this together gives the saddle-shaped phase portrait shown in the notes. The trajectories
are attracted toward the origin along

ro = T

and repelled away from the origin along

To = —X1.

Example 5.16. Now consider

z'(t) = l_g 4] Z(t).

-1 1

Solution. Step 1: general solution. From the notes, the solution is

2
+ 026% (t

-1
0

Z(t) = cre™t +

1

) |

So there is a repeated eigenvalue

AL =Xy =—1.
Step 2: exceptional solutions. If
1 =C =1,
then
Z(t) =0,

which is again the equilibrium point.
If
C2 = 07 C1 7é Oa
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then

so the trajectory lies on the line

This is the only straight-line exceptional solution.
If

G = 07 C2 7é 07
then
-1
0

+

Zt) =coe | ¢t
o]

)

which is not a straight line, so it does not yield another exceptional solution. This is typical of the defective

repeated-eigenvalue case.

Step 3: stability. As t — oo, every term contains the factor e~¢, so

Z(t) — 0.

Hence the equilibrium point is

asymptotically stable.

dominates the correction term, so trajectories approach the origin tangent to the line

Moreover, for large t, the term involving

1
Trog = §.I1.
Thus
1
T = 51’1
is the attracting orbit.
Step 4: isoclines. Write the system as
) = —3x1 + 4o,
xh = —x1 + 390.
The vertical isocline is obtained from
, 3
;=0 —3r1 +4r2 =0 = Ty = 771
The horizontal isocline is obtained from
xh=0: —z1+20=0 = 129=u.
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So the isoclines are 5
VI 25 = le, HI: 25 = 2.

Step 5: direction in each region. Along

3
T = Zmla
we have 2} = 0, so arrows are vertical. At (1, 3),
3
.Z'/2:—1+Z:_*<O,
so the arrows point downward. At (—1,—32),
3
so the arrows point upward.
Along
T2 = I,

we have x}, = 0, so arrows are horizontal. At (1,1),
Th=-3+4=1>0,
so the arrows point right. At (—1,—1),
] =3-4=-1<0,

so the arrows point left.
Now choose one point in each region:

At (1,0),
zp =-3<0, xh=-1<0,
so the arrows point down and left.
At (-1,0),
i =3>0, xzh=1>0,

so the arrows point up and right.
At (1,2),
i =-34+8=5>0, zh=-142=1>0,

so the arrows point up and right.
At (1,3),
i =-3+2=-1<0, z=-1+3=-1<0,
so the arrows point down and left.
This produces the node-type phase portrait shown in the notes. Since the repeated eigenvalue is

negative, all trajectories approach the origin, and they do so tangent to the attracting orbit

1
Xrog = 5.731.
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5.3.1

Classification summary for phase portraits

The notes also include a useful classification table for the system

The basic cases are:

7' = AZ.

Eigenvalues Type of critical point Stability

AL > A >0 Node Unstable

A <XA<O0 Node Asymptotically stable

Ay <0< A\ Saddle point Unstable

A1 =X2>0 Proper or improper node Unstable

Al =X <0 Proper or improper node | Asymptotically stable
AMp2=a=xib, a>0 Spiral point Unstable
Az2=a=xib, a<0 Spiral point Asymptotically stable

A1 = %ib Centre Stable

This chart is a very helpful summary: the sign of the real part tells us whether solutions move

toward or away from the equilibrium, and the presence of an imaginary part determines whether the motion

spirals or not.
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6 Series Solutions for ODEs

We now begin the method of power series solutions. Consider a second-order differential equation of the

form
y'(x) + p(x)y (z) + q(x)y(z) = 0,

where p(x) and g(x) are polynomial functions. In such a situation, it is natural to try a power series solution.

Example 3: solve y”(z) 4+ y(z) = 0 using a series solution. We assume that the solution has the form
Y@) = a0tz +ane® = apa”

where the series converges for
|z < R

for some radius of convergence R (possibly R = c0). Differentiate term-by-term:

oo
/ —
x) = g na,r™ !,
n=1

and
oo

y"'(z) = Z n(n —Da,z™ 2,

n=2
Substitute into the differential equation
y"(z) +y(x) = 0.

This gives
o0 o0
Z (n—1)a ”2+Zanx":0
1=2 n=0
To combine these into a single series, shift the index in the first sum by setting
m=n—2, so that n=m-++2.

Then

o0

Z n—1a,z" % = Z (m+2)(m + 1)amy22™
m=0

Renaming the index m back to n, we get

inJrQ Y(n+ 1)an422™ +Zan =0.
n=0

n=0
Hence -
Z [(n +2)(n+ Dapta + an} 2" =0.
n=0
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Since this power series is identically zero, each coefficient must vanish:
(n+2)(n+ Dany2 +an = 0.
Therefore the recurrence relation is

a
an+2:—( e n=0,1,2,....

n+2)(n+1)
Even and odd coefficients. This recurrence links coefficients two indices apart, so the even coefficients
depend only on ag, and the odd coefficients depend only on a.

For the even coefficients:

- ap Qo
=57
B az Qg
U= T
and in general
azn = (=1)" (262))!
For the odd coefficients:
- ap  ai
as _ﬁ = —57
_ a  a
as 5.4 5’

and in general

So the full series becomes

Recognizing these familiar Taylor series, we conclude that

y(x) = agcosz + arsinz.

Comment 6.1. This agrees with the solution we already know from elementary methods, which is a

good check that the power series method is working correctly.

Lecture 24 - Tuesday, March 31
Example 6.1. Solve the DE using series solutions:

y" —2zy’ +y(x) = 0.
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Solution. Assume

= g ant™ = ag + a1 + asx® + - - .

Then

oo (oo}
= Z anpnz™ y'(x) = Z apn(n — Dz
n=1 n=2

Substituting into the DE gives

o0 oo o0
Z ann(n —1)z" 2 — 2z Z apnz™ 4+ Z anxz™ = 0.
n=2 n=1

Re-indexing,

Zan+2 +2)(n+ 1)z —2Zannx +Zanx

n=0
Hence o
Z|:0,n+2 n+2)(n+1)+a,(1-— 2n)}
n=0
Therefore,
ant2(n+2)(n+1)+a,(l—2n)=0,
SO
o1 0,1,2
Qn = ap, n=ul,z,...
N CECEEY)
Thus the even and odd coefficients separate:
ag — Aag — a4 — -, ay —az — as —» -
For the even coefficients,
1
n=0 = az = =500,
2 = 3 3
n= a4 = ————a ——ay,
e e

n ag (6)(5)a4 6! ao,
and so on. For the odd coefficients,
" BB T A
n=3 = as = > a ga
= 5 = 5)@ 3 5 4
n=>5 — a7 = ) a 1.5.9(1
= 7= 7)) 5= T 1

and so on. Substituting back into the series,

Y (z) = ag + a1 + asx® 4 azx® + agx* + - -
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becomes

B 1, 3, 1:3.7, 1:3.7-11 4
Y(x) a0[12x4!x oL S x® —
15 5, 1:5-9 ,
+ay x+gw +—5' + 7 A R
Hence
Y(z) = aoY1(z) + a1Ya(x),
where 1, 3, 1-3.7, 1-3-7-11
_ 2 A2 e o 8
N =1l-go - - v~ g ¥~
and 1, 1-5. 1-5.9
Y2()_$+§$ +?5+Tl‘7+.”
Also,

Yi(—a) = Yia),  Ya(-x) = ~Ya(a),

so Y7 is even and Y5 is odd.
Example 6.2. Find the solution to Airy’s equation using series solutions:
y" — zy(x) = 0.

Solution. Assume -
=Y
n=0
Then

o0 oo
= Z apnz™ L, y'(z) = Z apn(n —1)z"~
n=1 n=2

Substituting into the DE gives

Zan (n—1=x Zan =

Re-indexing,
oo

Z(n—|—2)(n—|—1 Appox” Zan 1"

n=0

Separating the n = 0 term in the first series,
o0
2a9 + Z((n +2)(n+ Dapso — an_l):c" =0.
n=1

Hence
200 =0 = ay = 0,

and forn=1,2,3,...,
(n+2)(n+1apt2 — ap—1 =0,
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S0
1

n = S n—1, =1,2,3,...
R PR Y PRI D
Thus the coefficients split into three chains:
apg — az — ag — ag —» * -+, a; — a4 — a7 — A0 —> -, ax — a5 — ag — a1 —» - -
and since ag = 0, the third chain is identically zero. Now,
P S
"= BT 3" T
2 — L
n= as = ar,
(4)(3)
3 = L 0
n = a5 = ag =V,
(5)(4)
4 = L L
n = ag — az = aop,
(6)(5) (6)(5)(3)(2)
n=5— a 1 a 1 a
= 7= 4= 1
(7)(6) (7)(6)(4)(3)
1
n=6 — ag = as =0,
(8)(7)
n=7 = a L a L a
= 9 = 6 = 05
(9)(8) (9)(8)(6)(5)(3)(2)
and so on. Therefore
y(x) = ap + a1z + asx® + aza® + - - -
becomes
y(x) = apY1(z) + a1Ya(z),
where
Yi(z) =1+ ! 3+ ! 2% + ! z? +
1 = ..
(3)(2) (6)(5)(3)(2) (9)(8)(6)(5)(3)(2)
and 1 1 L
Ya(z) =2 + zt 4 g 204

(4)(3) (7)(6)(4)(3) (10)(9)(7)(6)(4)(3)

Hence the general series solution is

\y(x) =1 Y1(2) + o Ya(2). \

6.1 Ordinary and Singular Points for 2nd Order ODEs

Consider the second-order linear differential equation
az(z)y" () + a1(2)y'(z) + ao(x)y(x) = 0.
Suppose az(z), a1(z), and ag(z) are polynomials in . Then they are continuous at every zp € R.
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Definition 6.1. [Ordinary Point]

The point zg such that

as (ZC()) 75 0
is called an ordinary point.
Definition 6.2. [Singular Point]
If instead

as (.TQ) = 0,

then zq is called a singular point.

Dividing the equation by as(z), we obtain

Note 6.1. If ¢y € R is an ordinary point of the DE, then the series solution method can be used.
Hence there exist two linearly independent series solutions Y7 (x) and Ya(z).
Otherwise, we use the Frobenius method to solve the DE.

6.1.1 Frobenius Method

Consider the second-order linear DE
az(2)y" + ai(x)y’ + ao(x)y = 0.

If as(x) # 0, we divide by as(x) and write it in standard form:

" / a1($) ao(x)
+p(x)y +q(z)y =0, T) = , T) =
Y +p(@)y +q(z)y p(z) o) q(x) o2 (2)
Suppose zq is a singular point. Then:
Definition 6.3. [Regular Singular]

¥ is a regular singular point if lim,_,,,(z — x¢)p(z) and lim,_,,, (z — x¢)?q(z) both exist and are

finite. Otherwise, z¢ is called an irregular singular point.

Comment 6.2. The idea is that at a regular singular point, the singularities in p(x) and ¢(x) are

not too severe: p(xz) is allowed to behave like —

o> and ¢(z) is allowed to behave like m, but

not worse.
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Example 6.3.

zy” +y=0.

Here
az(z) = =, ai(z) =0, ap(z) =1
Since
a2 (0) = 0,

the point xy = 0 is a singular point.
To classify it, divide by z:

y'+-y=0
So 1

=0, S

p(a) (@)=
Then
q T o . 2 T o
ili%xp(x)—ilghO—O, ili%x q(x)—ilg})m—o.

Both limits exist and are finite, so zo = 0 is a regular singular point.

Hence this is a case where the Frobenius method can be used.
Example 6.4.
Yy’ +xy’ + 2y = 0.

Here

as(z) =1, a1 (z) =z, ap(z) = 2.
Since ag(z) = 1 # 0 for every = € R, every point 2y € R is an ordinary point.

Therefore, the usual power series method can be used.
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Example 6.5.

x2y//+y/+y:0.

Here

Since

the point ¢y = 0 is a singular point.
Write the equation in standard form:

Thus q
o) =25 ale) =
Now 1
limy = p(e) = lim, =

which does not exist as a finite limit, while

lim z? =lim1l=1.
fmaale) = I,

Since one of the required limits fails to exist finitely, g = 0 is an irregular singular point.

The Frobenius method.

When zy = 0 is a regular singular point, we do not assume an ordinary power series

y(x) = i anz™.
n=0

Instead, we try the more general form

(o) oo
y(x) =z" g apx" = g apx™t",
n=0 n=0

where 7 is a constant to be determined.

Discovery 6.1. At a regular singular point, the true solution may start with a non-integer power z",
not necessarily with z°. The Frobenius method allows for this extra factor x”, so it is more flexible

than the ordinary power series method.

Note 6.2. The Frobenius method is designed for regular singular points, not arbitrary singular points.

If the point is irregular singular, the Frobenius method does not generally apply directly.

Lecture 25 - Thursday, April 02
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Example 6.6. Solving the following DE using the method of Frobenius:
4zy” + 2y + y(z) =0
Solution. Consider the differential equation
dxy” + 2y +y = 0.

We begin by identifying
as(z) = 4, ay(z) =2, ap(z) = 1.

Since
ag (0) = 0,

the point x = 0 is a singular point. We now check whether it is a regular singular point.

First, rewrite the equation in standard form:

2 1
v'+ v+ oy =0,

4x 4z
so that ) )
P =5, al) =1
Then
lim 2 p(e) = I 11
i epe) = e g =5
and
lim 22¢(z) = limx2~i* lim 2 =0
z—0 q B z—0 4x o z—0 4 e

Both limits exist, so = 0 is a regular singular point. Therefore, the Frobenius method applies.

We now look for a solution of the form
oo
y(z) = Z apx™ .
n=0

Differentiating term-by-term gives

o0
y/(x) = Z an(n _’_,r.)anrrfl’
n=0

and

y'(z) = Z an(n+7r)(n+r—1)z" 2,
n=0

Substituting these into the differential equation, we obtain

42 ap(n+r)(nt+r— 12" 242> an(nt )z 4 aa"tT =0,

n=0 n=0 n=0
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After simplifying the powers of x, this becomes

o0 o0
Z [dan(n+7r)(n+71—1) 4 2a,(n+ 7)™t + Z apx" T = 0.
n=0 n=0

To combine the two series, shift the index in the first sum by writing n — n 4+ 1. This gives
[4aor(r — 1) + 2apr]z" "

+ Z[4an+1(n +r+1)(n+71) 4+ 2ap41(n+7+1) +a,]z"" = 0.

n=0

r—1
)

Since this series must vanish for all z, each coefficient must be zero. From the lowest-power term x we

get the indicial equation:
dagr(r — 1) + 2aor = 0.

Assuming ag # 0, this simplifies to
Hence the roots are

For the remaining coefficients, we obtain the recurrence relation
dapi(n+r+D(n+7)+2a,1(n+r+1)+a, =0,

or equivalently,
Qn

n+r+1)2n+2r+1)

Upt1 = _2(

First solution: » = 0. When r = 0, the recurrence becomes

Qp
et = TSy )t 1)

The first few coefficients are

ao ag ao
alzfga a2:17 a3ziav
and in general,
_ (=D)"ao
= 2!

Therefore,

y1(z) = Z anT"

n M

n=0
R S G A



Recognizing this as the power series for cos(y/x), we get

y1(z) = ag cos(Vz).

Second solution: r = % When r = %, the recurrence becomes

anp Qnp

2(n+2)2n+2)  (2n+3)2n+2)

Gp41 = —

The first few coefficients are

ao ao ag
(11:*5, a2257 a3:7ﬁ7
and hence "
o = (=D
" @2n+ 1)
Thus,

o
= E anxn—‘r 2

n n+2

- Z 2n +1)!
= ag sm(\/E).

Therefore, the general solution is
y(z) = Ciy1(z) + Coya(),

that is,

| y(z) = Ay cos(vz) + Apsin(v7) |

Example 6.7. Determine the singular point of the following DE and solve it using frobenius method:
a?y" +ay’ + (2% = )y(z) =0
Solution. Consider the differential equation
22y +xy + (2 — 1)y = 0.

We first identify
as(x) = x°, a1(x) =z, ap(z) = 22 — 1.

Since

it follows that = = 0 is a singular point. We now check whether it is a reqular singular point.
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To do this, rewrite the equation in standard form:

T x?—1
V'+ 5y +—5y=0,
T T
so that )
1 ¢ —1
o)==, al@) ="

Now compute

1

and )
. . zc—1
lim z%¢(z) = lim 2% -

x—0 x—0 1,‘2

= lim(z% —1) = —1.

z—0

Both limits exist, so = 0 is a regular singular point. Therefore, the Frobenius method applies.

We now assume a solution of the form
oo
y(z) = Z anx™ "
n=0
Then
oo
y'(z) = Z an(n +r)z"
n=0

and

Y (z) = Z an(n+7r)(n+r—1)z" 2,

n=0

Substituting these into the differential equation gives

z? Z an(n+7r)n+r—1)z"7" 2 4o Z an(n 47" (22 = 1) Z anz™t = 0.
n=0

n=0 n=0

After simplifying, we obtain

Z an(n+7)((n+r—1)+1)z"" + Z apz" T Z a,z" " =0,

n=0 n=0 n=0
that is,
o0 o0
Z [an(n +7)2 = an] A Z apz” T = 0.
n=0 n=0

To combine the powers, reindex the second sum by replacing n with n — 2:

oo
E peox™ .
n=2
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Thus,

o0 (o)
Z [an(n +7)% - an]x’”r + Z Aoz = 0.
n=0 n=2

Now separate the first two terms from the first series:

o0
(a0r2 - ag)xr + (a1(1 +7)?% — al)x”l + Z [an(n +7)?% —ap + an_g]x”” =

n=2

Since this series must vanish for all x, each coefficient must be zero.
First, from the coefficient of ", we get

ao(r* —1) = 0.
Assuming ag # 0, this gives the indicial equation
r?—1=0,

so the roots are

T = 17 To = 71.

Next, from the coefficient of 2" *!, we obtain
ar((1+7)*=1) =0.
Checking both roots r = +1, we see that in either case this forces
a1 = 0.
Finally, for n > 2, we obtain the recurrence relation
an(n + r)2 —Qp + apn_o =0,

or equivalently,
Up—2

Ap — —

Case 1: » =1. When r = 1, the recurrence becomes

a = — Ap—2
" (n+1)2-1
In particular,
ao ao
Q== ——
T 2+12-1 8’
and
ay
- =0
BT T B2 -1
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Since a; = 0, it follows recursively that
a3=a5=a7=--~=O.

Continuing with the even-indexed coefficients,

GG @ _ ao
YT M412-1 824 192

Therefore, the first Frobenius solution is

o0
y1(x) — Zanmn+l
n=0

= agx + a1x2 + a2x3 + a3x4 + a4w5 + -

— o — 20,3 40 5
= agx Sx +192ac+ .

So, presenting the first three nonzero terms,

3 5
(@) =ao (2 -2+ = +..- ).
8 192

Case 2: r = —1. When r = —1, the recurrence becomes
Un—2
n:_77 :2,3’...
“ m-12-1 "

Now look at the case n = 2. The recurrence relation in its original form gives

a2(2— 1)2 —az + ap =0.

That is,
CLQ(].) —as +ag =0,
o)
apg = 0.
But this contradicts our assumption ag # 0. Hence for r = —1, we do not obtain a second independent

Frobenius solution.
Therefore, the second solution must be found by another method, such as reduction of order. If we

write
y(z) = u(x) y1(z),

and substitute into the differential equation, then solving for u(x) produces a second linearly independent

solution yo(x). Accordingly, the general solution can be written as
y(z) = Aiyi(z) + Asya(z),

where



and yo(z) is obtained by reduction of order.
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A Appendix — Some Calculus Results

A.1 Integration by Parts

Theorem A.1l. Integration by Parts
/udv:uv—/vdu

Example A.1. We compute / rsinz dz:

/xsinxdx:—/xdcosx
= — [mcosx—/cosxdx}

= —xcosz +sinz + C.

Example A.2. We compute / rsinz dz:

/ o o) oy = / 2in(z) d ()
_ e®sin(z) — / ¢ d(sin(z))
_ ) = / ()il
— Pl — / cos(z) d(e%)
— % sin(z) — €” cos(z) — / e d(cos())
/

= e"sin(z) — e” cos(x) — [ e”sin(x)dz.

Therefore .

/e"c sin(z) de = %(sin(m) —cos(z)) + C.
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B Laplace Table

f#) LLf ()}
H(t)C <
H(t) %
H(t)e . i p
H(t)t L
H(t) cos(b) R
H(t) sin(bt) ey
et £(t) F(s— o)
H(t—c)f(t—c) e F(s)
H(t—0) %e‘s“
H(t—c)f(t) e L{f(t+ )}
i (o
f(t) s L{f ()} — f(0)
/() s2L{f(t)} — sf(0) — f'(0)
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